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PREFACE 



The series of manuals on techniques de- 
scribes procedures for planning and executing 
specialized work in water-resources investi- 
gations. The material is grouped under major 
subject headings called books and further 
subdivided into sections and chapters; Sec- 
tion B of Book 3 is on ground-water tech- 
niques. 

This chapter is an introduction to the 
hydraulics of ground-water flow. With the 
exception of a few discussions in standard 
text format, the material is presented in pro- 
gramed form. In this form, a short section 
involving one or two concepts is followed by 
a question dealing with these concepts. If the 
correct answer to. this question is chosen, the 
reader is directed to a new section, in which 
the theory is further developed or extended. 
If a wrong answer is chosen, the reader is 
directed , to a section in which the earlier ma- 
terial is reviewed, and the reasons wh]' the 
answer is wrong are discussed ; the reader is 
then redirected to the earlier section, tp 
choose another answer to the question. This 
approach allows stydents who are either 
partially familiar with the subject, or well 
prepared for its study, to proceed, rapidly 
through the material, while those who require 
more explanation are provided it within the 
sections that deal with erroneous answers. 

In the preparation of any text, difficult 
choices arise as, to' the material to be included. 
Because this text is an introduction to the 
subject, the discussion has been restricted, 
for the most part, to the flow of homogeneous 
fluid through aii isotropic and homogeneous 
porous medium^! — that is, through a medium 
whose properties do not change from place to 
place or with direction. Emphasis has been 
placed upon theory rather than application. 
Basic principles of ground-water hydraulics 
are outlined, their uses in developing equa- 



tions of flow are demonstrated, representative 
fomal solutions are considered, and methods 
of approximate solution are described. At 
some points, rigorous mathematical deriva- 
tion is employed; elsewhere, the development 
relies upon physical reasoning and plausibil- 
ity argument. 

The text has been prepared on the assump- 
tion that the reader has completed standard 
courses in calculus and college physics. 
Readers familiar with differential equations 
wiU find the material easier to follow than 
will readers who lack this advantage; and 
readers familiar with vector theory will 
notice that the materal could have been pre- 
sented with greater economy using vector 
notation. 

The material is presented in eight parts. 
Part I introduces some fundamental hydro- 
logic concepts and definitions, such as poros- 
ity, s'pecific discharge, head, and pressure. 
Part II discusses Darcy's law for unidirec- 
tional flow; a text-format discussion at the 
end of Part II deals with some generalizations 
of Darcy's law. Part III considers the applica- 
tion of Darcy's la^y to some simple field prob- 
lems. The concept of ground-water storage is 
introduced in Part IV. A text-format discus- 
sion at the beginning of Part V deals with 
partial derivatives and their use in ground- 
water equations; the basic partial differential 
equation for unidirectional nonequilibrium. 
flow is developed in the programed material 
of Part V. In Part VI, the partial differential 
equation for radial confined flow is derived 
and the "slug-test" solution, describing the 
effects of an instantaneous injection of fluid 
into a well, is presented and verified. A text- 
format discussion at the end of Part VI out- 
lines. the sjTithesis of additional solutions, in- 
cluding the Theis equation, from the "slug- 
tesf* solution. Part VII introduces the gen- 
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IV 

eral concepts of finite-difference analysis, and 
a text format discussion at the end of Pai-t 
VII outlines some widely used finite-difference 
techniques. Part VIII is concerned vAth elec- 
tric-analog techniques. The material in Part - 
VI is not prerequisite to that in Pai^s VII and 
VIII; readers who prefer may pz'oceed di- 
rectly from Part V to Part VII. 

A progi'am outline is presented in the table 
of contents of this report. This outline indi- 
cates the correct-answer sequence through 
each of the eight parts and describes briefly 
the material juresented in each correct-answer 
section. Reader-fe may find the outline useful 
in review or in locating discussions of par- 
ticular topics, or may wish to consult it for 
an overview of the order. of presentation^ 

It is impossible, in this or any other form 
of instruction, to cover every facet of each 
development, or to anticipate every difficulty 
which a reader may experience, particularly 
in a field such as ground water, where readers 
may vary widely in expedence and mathe- 
matical background. Ati additional difficulty 
inherent in the programed text approach is 
that some continuity may be lost in the proc- 
ess of dividing the material into sections. For 
all these^ reasons, it is suggested that the 
programed instruction presented here be used 
in conjunction with one or more of the stand- 
ax'd references on ground-water hydraulics. 

This text is based on a set of notes used by 
the author in presenting the subject of 
ground-water hydraulics to engineers ,and 
university students in Lahore, West Paki- 
stan, while on assignment with the U.S. 
Agency for International Development. The 
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material has been drawn from a number of 
sources. The chapter by Ferris (1959) in the 
text by Wisler and Brater and that by Jacob 
(1950) in ''Engineering Hydraulics" were 
both used extensively. Water-Supply Paper 
1536--E (1962) by Ferris, Knowles, Brown, 
and Stallraan was an important source, as was 
the paper by Hubbert (1940) , **The Theory of 
Ground Water Motion." The text "The Flow 
of Homogeneous Fluids through Porous 
Media" by Muskat (1937) and>%he paper 
"Theoretical Investigation of the Motion of 
Ground Waters" by Slichter (1899) were 
both used as basic references. The develop- 
ment of the Theis equation from the "slug- 
test*' solution follows the derivation given in 
the original reference by Theis (1935). The 
material on analog models is drawn largely 
from the book, ''Analog Simulation," by 
Karplus (1958). In preparing the material on 
numerical methods, use was made of the book, 
"Finite-Difference Equations and Simula- 
tions," by Hildebmnd (1968), and the paper 
''Selected Digital Computer 'Techniques for. 
Groundwater Resource Evaluation," - by 
Prickett and Lonnquist (1971). A number of 
additional references ar^^-mentioned in the 
text. 

The author is indebted to Messrs". David W. 
Greenman and Maurice J. Mundorff, both 
formerly Project Advisors, U.S. Geological 
Survey-U.S.A.I.D.,1 Lahore, for their support 
and encouragement during preparation of the 
original notes from which this text was de- 
veloped. The author is grateful to Patricia 
Bennett for her careful reading and tipping 
of the manuscript. 
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SYMBOLS 





Dimrntiont 






DimentioTiM 




Smnbol 


(A/, mast: 
L. distance: 
T, time) 


Explanation 


Symbol 


(M. mass: 
L. diatance: 
T. time) 


EzvUnation 


A 




face area of aquifer, gross 


€ 




base of natural logarithms 






cross-sectional area of flow 






gravitational force 


a 


L 


node spacing in finite- 


fi 


MLT' 


component of gravitational 






diiTerence grid 






force parallel to condUit 






U 




component of gravitational 


ft 


L 


aquifer thickness 






force normal to conduit 


C 


farad 


electrical papacitance 


9 




gravitational acceleration 




(coulombs/ 


h 


L 


head; static head 




volt) 






L 


preMure hwid 
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SYMBOLS 



i ytn b ol 




Kj-ljla nation 


S.ymbol 


UirnvtiaionB 


Kxiilanatiou 


I 


amperes 
(coulombs/ 


electrical current 


H 




}^Sl^Tt — argument of the 
well function I 


K 


second) 




V 




fluid volume 




hydraulic conductivity 


V 




velocity 


k 




intrinsic permeability 






well function 


I 


L 


length 


w 


L 


width 


n 




porosity 


z 


L 


tJevation above datum 


P 




pressure 






fraction of the total water in 


Q 




volumetric fluid discharge 






storage that can be drained 


<? 




specific discharge — discharge 






by gravity / 






per unit face area of 






finite-difference approxima- 






aquifer, Q/A 






tion to 'd-h/'dxr 


R 


ohms 
(volts/ 


electrical resistance 




L' 


finite-difference approxima- 
tion to .'d-hl'dy- 




ainpero) 




t 


coulomb 


electrical L*harge - 


S 
5. 




storage coefficient 






dynamic viscosity / 


L"- 


specific storage 


p 


ML"" 


fluid density 






specific yield 


P' 


ohm-metres 


elentrical resistivity 


T 




transmissivity (transmissi- 


ff 


mhos /metre 


electrical conductivity 






bility) 


0 


volts ' 


voltage or electrical potential 



UNIT CONVERSION 



ft (foot) 
gal (gallon) 
ft^/s (cubic foot per 
second) 



Factor for convertino 

Enoliak units to 
international av»tem 
of units 

3.048X10-^ 
3.785 

2.832X10'=' 



Afetrie 5/ 

m (metre) 
1 (J^e) 

mVs^(L*ubic metre per 
second) 



PROGRAM OUTLINE 



This program outline is provided to assist the reader in review, and to 
facilitate the location of particular topics or discussions in the text. Hope- 
fully, it may also provide some feeling for the organization of the material 
J and the order of presentation, both of which tend to be obscured by the 

programed format. 

The section numbers in the left margin correspond to correct answers in 
the programed instruction; they give the sequence of sections which v/ill 
be followed if no errors are made in answering the questions. An outline 
of the content of. each of the correct-answei* sections is given to the right 
of the section number. Two numbers are listed beneath each of .these section 
outlines. These numbers identify the wrong-answer sections for the ques- 
^ tion presented in the outlined correct-answer section. The correct answer- 
to this question is indicated by the next entry in the left margin. 

The discussions written in standard text format are also outlined. For 
these discussions, page numbers corresponding to the listed material are 
♦ given in parentheses in the left margin. 

■ ■ . ■ '' \ 
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VII 



Part 1. Definitions and general concepts: 
Hcetion : 
1 porosity 

13; 18 , ' 

9 effective porosity; saturation 
12; 29 

6 porosity, saturation (review) ; point "velocity 
variations ; tortuous path effects 
4; 21 

3 tortuous flow path effects (reviewj ; problems 
in detemiining actual cross-sectional flow area; 
relation of discharge per unit face area to flow- 
velocity 
28; 10 

14 relation of discharge per unit face area to flow 
velocity (review) ;' definition of specific dis- 
charge or specific »lux ; definition of head 
11; 17 

24 omission oi velocity head in ground water; rela- 
tion between pressure and height of fluid col- 
umn (PascrVs law) 

25; 19 N . 

16 Pascal's law (revie^v) ; head as potential energy 
per unit weight; devation head as potential per 
unit weight, due to elevation; dimensions of 
pressure 
7; 15 

26 pressure as a component of potential energy per 
unit volume; pressure head as a component of 
potential energj- per unit weight; total poten- 
tial energy per unit weight (question) 
20 ; 23 

22 head as potential energy per unit weight (rt^- 
view) ; total potential energy per unit volume 
5; 27 

8 total potential energy per unit volume (review) 



Part II. Darcy's law: 

Scclion: | 

1 outline of approach^— method of balancing forces; 
friction force proportional to velocity; pressure 
force on face of a fluid element in a sand- 
packed pipe (question) . 
25; 16 

8 relation between pressure and force; net pressure 
force on a fluid element (question) 
23; 12 

31 net pressure force on a fluid element (review) ; 
^ pressure gradient; net pressure force in terms 
of pressure gradient (question) 
5; 14 

26 net pressure force in terms of pressure gradient; 
grravitational force; mass of fluid element in 
terms of density, porosity, and dime* nons 
.(question) 
' 3; 17 

15 gravitational force in terms o/ density, porosity, 
and . dimensions; component of gravitational 



force contributing to the flow (quesuon) 
22; 18 

' 33 resolution of gravitational force into components 
parallel and normal to the condtiit; expression 
for magnitude of component parallel to the 
conduit (question) 
^;37 

35 expression for component of gravitational force 
parallel to conduit (review) ; substitution of 
•\z/^l for cosine in this expression (question) 
32; 4 ' • - 

11 substitution of Az/A/ for cosine in expression for 
gravity component along conduit (review) ; ex- 
pression for total driving force on fluid ele- 
ment, attributable to pressure and gravity 
(question) 
24; 10 

19 assumptions regarding frictional retarding force; 

expression for frictional retarding force con- 
sistent with assumptions \ question) 
2; 34 

20 balancing of dn'ving forces and frictional force 

to obtain preliminary lorm of Darcy's law 
36; 27 , . 

28 Darcy's law in terms of hydraulic conductivity; 
replacement of 

1 dp dz 

" pg dl dl 
by dk/dl (question) 
9; 30 

7 discussion of hydraulic conductivi^ty and intrinsic 
permeability; flow of ground water in rela- 
tion to differences in elevation, pressure, and 
head (question) 
29; 13 

21 Darcy's law as a differential equation;' analogies 

with other physical systems; 'ground-water 
velocity potential 

Text-format discussion — Generalizations of Darcy's 
law: 

(p. 31> specific discharge vector in three dimen- 
sions; definition of components of spe- 
cific-discharge vector 

(p. 31) Darcy's law for components of the spe- 
cific-discharge vector; DfO'cy's law us- 
ing the resultant specific'discharge vector 

(p. 31) velocity potential; flowiiet analysis; Darcy's 
law for components of the specific-dis- 
charge vector in anisotropic rtiedia 

(p. 32) flowlines and surfaces of equal head in the 
anisotropic case; solution by transfor- 
mation of coordinates ^ 

(p. 32) anisotropy of ptratified sedimentary ma- 
^rial 
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(p. 33) use of components of pressure radiant 
and components of gravitalaonal force 
in each of the three major permeahility 
directions; hydraulic eonducti\sity t^msor 

(p. 33) aquifer heterogeneity 

(p. 33) fluid heterogeneity; Darcy's law for a 
heterogeneous fluid in an anisotropic 
aquifer^ Using intrinsic permeability 



Part III. Application of Darcy's law to field problems: 

Section: ^- 

I differential equations and solutions 
15; 23 

7 infinite number of solutions to a differential equa- 
° tion 

^ " 29; 14 

8 slope-intercept concept applied to solutions of dif- 

ferential equations 
5; 20 

10 application of Darcy's law to one-dimeTisional 
equilibrium stream seepage problem; selection 
of particular solution to satisfy the differential 
equation and to yield corr^t head at the stream 
(question) 
22; 36 

24 boundary conditions in differential eqifations;^in- 

terpret^tion of head data observed in a fleld 
. situation (question) 
42; 21 

25 application . of Darcy's law to a problem of one- 

dimensional steady-state unconfined flow, using 
Dupuit assumptions 
26; 43 

9 substitution of 

1 d{h') 



35 expression of radial flow differential equation in 
terns of ■ ' 

dh 



2 dx 



for 



dh 

h 

dx 

in the unconfined flow problem; .testing for 
solution by differentiation and substitution of 
boundary conditions (question) 
16; 4 

41 parabolic steepening of head plot in the Dupuit 
solution ; problem of radial flow to a well ; cross- 
sectional area^of flow at a distance r from the 
well (question) / 
12; 6 1 

27 decrease in area along path of radial flow; relation 
between decreasing area and hydraulic gradient 
(question) 
11; 32 

40 sigrns in' radial flow problem; application of 
Darcy's law to the flow problem (question) 
33; 17 



d (Inr) 

59; 13 

2 interpretation of radial flow differential equation 
expressed in teitns of 
dh 



A (Inr) 

18; 31 

38 interpretation of radial flow differential equation 
(review); solution equation as taken' from a 
plot of h versus In* r ; conversion to common 
logs.; characteristics of the semilog plot 
34; 37' 

19 logarithmic" cone of depression ; equation for 
drawdown at the well (question) 
28; 30 

3 applications of the drawdown equation ;^ general 
characteristics of well-flow problems 



PajyrV* Ground-water storage; 
Scetio7i: ^ 
1 relation between volume of water stored in a 
tank and water level in the tank 
10; 9 ^ 

11 relation between volume of water stored in a 
sand-packed tank and water level in the tank 
31; 12 

14 slope of V versus h graph for sand-packed tank 
17; 22 

26 capillary effects; assumption that a constant 
amount of water is permanently retained; re- 
lation between volume of water in recoverable 
storage and water level, under these conditions 
(question) 

18; 2 I ' ^ 

16 slope of V versus h graph for sand-packed tank 
with permanent capillary retention . - - 

4; 29 ' 

33 slope of V versus h graph for prism of uncon- 
fined aquifer 1 
28; 19 \ 

32 dependence of V, h relationship on surface area, 
A; definition of specific yield (question) 
7; 27 / 

6 confined or compressive storage; V, A relationship 
for a prism in a confined aquifer 
23; 30 

21 dependence of V, h plot for a prism of confined 
aquifer on base area 
3; 34 

20 definition of confined or compressive storage co- 
efficient; specific storage , 
6; 15 . • 
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25 stofHge">quatioh — relation between time rate of 
change of volume of water in storage and time 
rate of change of head 
8; 24 

13 relation between time rate of change of volume 
in storage and time rate of change of head (re- 
view) 



derivatives in 



PartV: 

Text-format discussion — Partial 

Ground-Water- Flow Analysis: 
(p. 69) Partial derivatives; topographic map ex- 
ample 

Calculation of partial (space) derivatives 
Partial derivative with respect to time 
Space derivatives as components of_slope 
of the potentiometric surface; depend- 
ence on position and time; time deriva- 
tive as slop'6 of hydro^rraph; dependence 
on position and time 
Vector formulation of the specific dis- 
charge; Darcy's law for components of 
the specific discharge vector 



(p. 70) 
(p. 70) 
(p. 70) 



(p. 72) 



Unidirectional nonequilibrium flow: 

Section: \ 

1 relationK^^ween inflow and outflow for a tank 
. 29; 17 

21 equation of continuity; 'relation of 'dk/dt for a' 
prism of aquifer to difference between inflow 
and outflow (question) 
. 6; 5 

30 combination of continuity and storage equation to 
obtain relation between 'dh/'dt and inflow minus 
outflow (review) ; expression for inflow 
through one face of a prism of aquifer (ques-' 
tion) 

8; 3 

22. implications of difference between inflow and out- 
flow in a prism of aquifer (question) 
14; 26 

33 expression for inflow minus outflow, for one di- 
mensions^l flow, in terms of difference in head 
gradients (question) 
18; 15 

9 change in a dependent variable ^pressed as a 
product of derivative and changre in independent 
variable (question) ' , 

25; 20 

1(5 change in a dependent variable" as product of 
derivative and change in independent variable 
(review);, change in derivative as product of 
second derivative and change in independent 
^ variable (question) 
31; 13 

7 isecond derivatives and second partial derivatives; 
expression for change in 'bhi'dx in terms of 
second derivative (question) 
4; 23 



32 expression for change in 'dfi/'dx in terms of second 
derivative (review) ; expression for inflow 
min\is outflow using second derivative (ques- 
tion) 
27; 2 

34 definition of transmissivity; expression^for inflow 
minus outflow for one dimensional flow througlT 
a prism of aquifer, in terms of T and 'd'h/'dz'; 
equating of this inflow minus outflow to rate 
of accumulation; expression for rate of accu- 
mulation in terms of storage coefficient (ques- 
tion) 
. 28; 12 

10 equating of rate of accumulation, expressed in 
terms of storage coefficient, to the expression 
for inflow minus outflow, to obtain the partial 
differential equation for one-dimensional non- 
equilibrium flow (question) 
11; 24 

19 partial differtntial equation for two-dimensional 
nonequilibrium flow; partial differential equa- 
tions and their solutions; review of method of 
deriving partial differential equations of ground 
water flow 



Nonequilibrium flow^to a well: 



Part VI. 

Section: 

1 expression jfor flow through inner face of cylin'dri- 
cal element (question) 
34; 36 

15 combinatio i of r and ZhlZr into a single variable; 
expression for inflow minus outflow for cylin- 
drical element 
30; 25^ 
7 use of 



in place of- 



expression for 



'dh\ 



28 



37 



27 



26; 8 

final expression for inflow minus outflow, for 
cylindrical elemeht; expression for rate of ac- 
cumulation in storage in the element (question) 
12; 16 

combination of inflow minus outflow term with 
rate of accumulation term to obtain partial 
differential equation 

22; 32 - • 

procedure of testing a fiuictibn to determine 
-whether it is a solution to the partial differert- 
tial equation; calculation of first radial deriva- 
tion of test function 
4; 2 
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35 



20 



calculation of second radial derivation of test 
function 
23; 9 

calculation of ttme derivation of test function 
3; 31 

expressions for 

. - ''^ 

T 



and 



21 



18 



33 



13 



1 'dh 
+ 

for test function 
17; 24 

verification that test function is a solution; in- 
stantaneous injection (slug: test) problem; de- 
velopment of boundary conditions required at 
e = 0 

10; 19 0 

verification that test function satisfies the bound- 
ary conditions for i = 0; g^raphical demonstra- 
tion of its behaviour as f-^0; development of 
boundary condition for r oo - • 

29; 6 

relation between condition , that {ZhlZr)^0 as 
r 00 and condition that /i 0 as r -> ; 
demonstration that test function also satisfies 
A->0 as ^ -> oo; development of condition 

V ^ I S-hr.t 2':rrdr 
V = 0 

11; 14 

demonstration that the test function satisfies 
Too 

V= S'hr. .•2'n-rrfr; 

^> = 0 

discussion of siprnificance of slug test solution 



Text-format discussion — Development of additional 
solutions by superposition: 

(p. 112) Linearity of radial equation; superposi- 
tion; equation for head at t due to inr 
jection at t'=0 

(p. 112) superposition tS^btain' effect of two in- 
jections ^ 

(p. 112) expression for head change due to in- 
stantaneous withdrawal; superposition 
to obtain- effect of repeated bailing 

(p. 113) variable rate of continuous pumping as a 
sequence of infmitesimal withdrajvals; 
effect of withdrawal during an infinitesi- 
. . mai time dt'; use of superposition to ob- 

tain head change due to pumping dur- 
ing: a finite time interval 

11 



(p. 114) implementation of superposition by in- 
teg^ration of the expression for head 
change due to instantaneous withdrawal, 
for case of variable- piimping rate 

(p. 115) transformation of integral into exponen- 
tial integral, for case of constant pump-, 
ing rate 

(p. 116) definition of u; evaluation of the exponen- 
tial integral by means of series 

(p. 116) definition of well function; equation for 
case "Where hy^O prior to pumping; 
equation in terms of drawdown; Theis 
equation . 

(p. 117) development of the modified .nonequili- 
brium (semilog approximation) formula 

(p. 117) review of assumptions involved in de- 
rivation of the partial differential equa- 
tion for radial flow 

(p. 117) review of assumption involved in the in- 
stantaneous injection solution and in 
the continuous pumpage (constant rate) 
solution 

(p. 118) review of assumptions involved in the 
semilog approximation; citations of 
literature on extensions , of well-flow 
theory for niore complex systems 



Part Vlt. Finite-difference methods: 

Section: ) ^ j 

1 finite-differenc^ expression for first space deri- 
vative (question) | 
•7; 26 • ' 

12 finite-difference expression for second space deri- 
vative (question) ' 
27; 22 

15 finite-difference expression for ^ 

(question) 
28; 24 

3 finite-difference expression for 
(review); 

notation convention for head at a node 
14; 5 



2 expression for 



PROGRAMlOUTLINE 



XI 



using subscript notation .convention 
20; 18 

4 third subscript convention for time axis 
9; 23 : ' - 

10 expression for 



Sir 



at a particular point and time using the sub- 
script notation; approximations to dhldt; finite 
forward-dilFerence approximation to the ground 
water flow equation, using the subscript nota- 
tion (question) 

8; 19 i 

16 application of forward-difference equation in pre- 

dicting head values; iterative (relaxation) tech- 
niques (definition) ; finite-difference equation 
for steady-state two-dimensional flow (ques- 
tion) ^ \ 
11; 13 \ 
25 solution of the steady-state equation by iteration 
• 21; 6 ■ I , 

17 general discussion of numerical methods 



Text-format discussion — Finite difference methods: 

(p. 136) Forward-difference and backward differ- 
ence approximations to time derivative 

(p. 137) Forward-difference simulation of the 
ground-\yater flow equation; explicit 
method of solution 

(p. 137) Errors; stable and unstable techniques 

(p. 138) Backward-difference simulation of the 
ground-water flow equation; simul- 
taneous equation sets 
(p. 139) Solution by iteration or relaxation tech- 
niques V 
(p. 139) Solution of the steady-state\equation by 
iteration 

(p. 139) Solution of the nonequilibrium equation, 
backward-difference simulation, by itera- 
tion • 

(p. 140) Iteration levels; superscript notation; 
iteration parameter 

(p. 140) Successive overrelaxation; alternating di- 
y rection techniques 

(p. 141) Forward-difference and bdck ward-differ- 
ence simulations of the gfround-water 
flow equation u^ing A notation 

(p. 141) Alternating direction implicit procedure 

(p. 144) Thomas algorithm for solution of equa- 
tion sets along rows or columns 



(p. 147) Iteration of the steady-state equation us- 
ing alternating . direction method of 
calculation . • - 

(p. 149) Iterative solution using the backward- 
difference simulation an'd the alternat- 
ing direction tethitt^e compvHation 



Part VIII. Analog techniques: 

Section: 

1 Ohm's law; definitions of current and resistance 
19; 8 

6 definitions of resistivity and conductivity; Ohm's 
lax^- in terms of resistivity 
24; 3 ' _ 

28 OKm's law in terms of conductivity; analogy be- 
tween Ohm's law and Darcy's law for one-di- 
mensional flow 
12; 7 - 

26 analogy between Darcy's law and Ohni's law 
for one- iniensional ^ow; extension to three 
dimensions; current density; flow of charge 
in a conducting sheet ' 
25; 23 } 

11 analogy between flow of charge in a conducting 
sheet and flow of water thix)Ugh a horizontal 
aquifer; method of setting up a steady-state 
analog: parallel between line of constant volt- 
nge and line of constant head (question) 
16; 17 

21 nonequilibrium modeling; storage of charge in ^ 

capacitor, and analogy to storage of ground 
water; capacitor equations 
13; 10 

9 - relation between time, rate of change of voltage 
and time rate of ^cumulation of charge for a 
capacitor; relation >^'tween current toward » 
capacitor plate and time rate of change of volt- 
age 

20; 18 . 
4 relation between time rate of change of voltage 
and time rate of accumulation of charge foX^ft 
/w^acitor (review) ; electrical continuity rel^ 
tion; relation between curren'ts and time rate 
of change of capacitor voltag?,^^or a system of 
four resistors connected to a capacitor; trans- 
formation of this relation to an equation in 
terms of voltages and d4>Jdt (question) 
15; 27 

22 analogy between equation for capacitor-— four re- 

sistor system with finite-difference form of 
two-dinoj^sional ground-water flow equation; ^ 
method of nonequilibriuni modeling 
2; 14 

B general discussior. . of the analog technique; 
heterogeneity; cross-sectional analogs; radial 
flow analogs 
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INTRODUCTION TO GROUND-WATER HYDRAUUCS— A PROGRAMED 

TEXT FOR SELF-IN^ ^ 



/ 



By Cordon 



Instructions^-to the Reader 



\ 

1,1. 
This programed text is designed to help 
■you learn, the theory of ground-water hy- 
draulics through self-stS^y. Programed in- 
struction is an approach to a subject, a 
method of learning; it does not eliminate 
mental effort from the learning process. 
'Some sections of ^tliis program need only be 
read; others must be worked through with 
pencil and paper. Some of the questions can 
be answered directly; others require some 
•form of calculation^ou may bave frequent 
occasion, as you woHc through the text, ^to 
consult standard texts or references in 
mathematics, fluid mechanics, and hydrology. 

In each of the eight parts of the text, begin 
the pro£?ramed instruction by reading Section 
1.. Choose an"^ answer -to the. question at the 
end of the section,, and turft to the new sec- 



tion indicated bpside the/answer you 'have 
chosen. If your answer was correct, you will 
turn to a section containing new material 
and another question, and you may^roceed 
again as in Section 1. If your answer was not 
correct, you will turn to a section which con- 
tains,some further explanatipri.of the eartier. 
material, and which directs mdu to go back 
for another try at the questim. Usually, in> 
this ev^nt, it will be worthwhile to rere^^d the 
material of the earlier section.- CQntiriu\eL.in 
r this way through the prt)gram- -until you 
reach a section indicating tae end of ^the part. 
Note that alth6iigh the sections are arranged 
in numerical^ order within each of the eight 
parts, you would "^lot . normally proceed in 
numerical sequence (Section 1 to- Section 2 
and^soon) through the instruction. \ 



J 



Part I. pefihitioiis arfd General Concepts 

V Introduction T 



In Part certain concepts which are fre- 
quently used in ground-water hydraulics ate 
► introduced. Among these are porosity, spe- 
cific discharge, hydraulic head, and fluid 
pressure. Rigorous development of theorems 



relating to these temjs i^ not attempted. The 
material is intended only to introduce and 
define the . term^^ ^ *o provide an indica- 
tion of their phyaic^ significance. 



ThErpow>§ity of a specimen of porous^ma-. 
terial is denned' as the ratio of the voliimeof 
open pore space in the specimen to the bulk 
volume, of the specimen. . 



/ QUESTION 



What volume of solid material is present 
in 1 cubic foot of sandstone, if the pprosity 
of the sandstone is 0.20? 



0.5 cubic feet 
(jO.2 cubic feet 
0.8 cubic feet 



Turn to Section: \ . 

■ . 13i ^ , 
18; 



u 



• Nowhere in Part I is there an instruction 
to turn to. Section 2. Perhaps you have just^^ 
read Section 1 and have turned to Section 2 
' without considering the question -in Section 
1. If so, return to Section 1, chpose an answer 



to the question, and turn to the section indi- 
cated opposite the answer you select. 



Your answer in Section 6 is correct. Any 
flow path between A and B will be longer 
than the linear .distance AB; it is generally 

' impossible to know the actual distance that 
a particle of fluid travels in moving through 
a section of porous material. 

In the same way, it is difficult to. know the 
actual cross-sectional area of the fljaw, when 

"^aeaTmg^flTflr^ 
cross-sectional area selected will be occupied 
partly by grains of solid material aJid partly 
by pores containing the fluid. For this reason. 



a-^oblem may arise if we attempt to define 
average fluid velocity as a ratio of discharge 
to cross-sectional areai as is customarily done 
in open-flow hydraulics. 




Con. — Sm 
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TECHNIQUES OF WATER.UESOURCES INVESTIGATIONS 




Con. 



QUESTION 

In the block of saturated porous material in 
the figure, a fluid discharge, Q, is crossing 
the area, A, at right angles. A represents the 
gross area of the block face, including both 
solid particles and fluid-filled pore space. The 
quotient Q/A would be: 

Turn to Section: 



less than 
equal to 
greaiter than 



14 
28 
10 



the average velocity of the fluid particles 



Your answer in Section 6 h ot co 
The particle would move a distai. ^n- ^ 
the linear interval AB if the two puiiiL .sere 



cphnected by a straight capillary tube, but 
the probability of such a connection is essen- 
tially zero in a' normal porous mediurn. In' 
general, the possible paths of flow between 
any two points will be tortuous in character. 

Return to Section 6 and select another 
answer. . 



Vour answer in Section 22 is not correct. 
Pressure does represent potential energy per . 
unit volume du^ to Jthe forces transmitted 

t- ' - ■ ' s ~ ■■ ' 

5, • ■ 



through the surrounding fluid, but z repre- 
sents potential energy per mit^w^ighi due 
to elevation. Th^e question ^ked for total 
potential' enS^gy per unit volume. . 

Return to Section 22 and select another 
answer. 



You^ answer in Section 9 is correct. Thirty 
percent of the interconnected'^ pore space. in 
a porous medium whose effective porosity is 
0.20 is 6 percent of the bulk volume, or 0.06 

/ cubic feet. In the remainder of this program, 
fuljy saturated conditions will be assumed 
imless uni^turated floWi is specifically men- 

. tioned. 

Variation in the flow velocity of an indi- 
vidual fluid particieMs inherent in the nature 



,o£,flow.i4ihrough^poi=o«s^ra 



dividual pore, boundary;:*resistance causes the 
velocity to decrease from' a maximum along 



6m --^Con. 



the centerline to essentially zero at the pore 
wall. Anothersform of velocity variation is . 
imposed by the tortuous character of ther 
flow— that is, the repeated branching and 
reconnecting of flow paths, as the particles, 
of fluid make their way around the individual 
grains of sSlid. This anastomizing or braided . 
pattern causes the velocity of a fluid particle 
to vary from point to point in bothtriagriitude 
and direction, even if its motion occurs along 

- cerfiowererr'Tf 
we view a smalj segment of the medium but 
one which is still large enough to contain a 
fl^great number of i)ores, we find that the 
microscopic components of motion cancel in 
a;ll except one resultant direction of flbW/' ' 



PART I. DEFINITIONS AND GENERAL CONCEPTS 



QUESTION 

In the porous block in the figure, a particle" 
of. fluid moving from point A to point B 
woiild travel a distance : 

Turn, to Section: 

greater than the linear distance " 3 

equal to the linear distance AB 4 
less than the linear distance AB 21 











° Aril ■ • ■ 




/ • , ' / • o • 
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Your answer in Section 16 is not cor- 
rect. If we were considering the height of 
a static column of water above a pointr 
which as we have seen is given by v/p9f 
we would be dealing with dimenr^'ons of 
potential energy per uni^ ^ ques- 
tion in Section 16, 1. ' - the 
units of pressure alone, luc^u units are force 
per unit area- — for example, pounds of force 
— per-square-foot-of_area,„which can be written 



in the form pounds/ft-. Now we may **multi- 
piy" th^e units' by the term ft/ft to obtain 
an equivalent set of units applicable to pres- 



sure. 



Return to Section 16 and choose another 



answer. 



7. 



Your answer, v-^pQZ, in ''Section 22 is cor- 
,rect. We haye seen that pressure is equivalent 
to potential energy per unit volume attrib- 
utable to forces transmitted through the sur- 
rounding fluid. Potential energy per unit vol- 
ume due to elevation js^^obtained by multiply- , 
ing the potential energy per unit weight due 
to elevation — that is, z — by the weight per 
unit volume^ pg. The total potential enerf-y 
per unit volume is then^iire sum of these two 
, terms, that is, p-^pQZ^ 

I No discussion of do^ energy would be 
complete without meirrir^a of kinetic energy. 
In the mechanics of sorEii particle?s, the kinetic 
energy, KE, of a ma^, m, moving with a 
velocity v. is given by 

' Now suppose we are dealing with a fliiid 
of . mass density p. We wish to know the 
kinetic, energy of a volume V of this fluid 
which is moving at a velocity v. The mass of 
the volume is pV, and the kinetic energy is 

If we divide by rhe v€)hme, F, we obtain 



as the kinetic energy per unit volume of fluid ; 
and dividing this in turn by the weight per 
unit volume, pQ, ' gives V'/2g as the kinetic 
energy per unit weight. of fluid. Each of these 
'kinetic energy expressions is proportional to. 
the square of the yelocity. The velocities of 
flow in ground-waiter w>vtirnent are almost 
always extremely lo^^ Sid therefore the 
kinetic energy terms v extremely small 
compared to the poteiiti^f lergy terms. Con- 
sequently, in dealing th ground-water 
^problems we can genera*ii. rieglect the kinetic 
energy altogether and ts^h tnto account only 
the potential energy of ^ e .^system aJid the 
losses in. potential energy le to friction. This 
is an irnportant respect in which ground- 
water hydraulics differs from the hydraulics 
of open flow. 

This discussion concludes Part I. In Part II 
v/e will consider Darcy's law, which relates 
the specific ^Jischarge, to the gradient of 
hydraulic head, in flow through parous media. 



8, 
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TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 



Your answer in Section 1 is correct; if 0.20 
of the cube is occupied by pore space, 0.80 of 
its volume must be solid matter. In ground- 
water studies we are normally interested in 
the interconnected, or effective, porosity, 
which is the ratio of the volume of intercon- 
nected pore space — excludi^ig completely iso- 
lated pores— to the bulk volume. As used in 
this text the term '"porosity" will always 
refer to the interconnected or effective poros- 
ity. Ground water is said to occur under sat- 
urated conditions when all interconnected 
pore space is completely filled with water, 



5>. 



and it occurs under unsaturated conditions 
when part of the pores contain water and 
part contain air. In problems of unsaturated 
flow, the degree of saturation is often ex- 
pressed as a percentage of the interconnected 
pore space. 

QUESTION 

What volume of water is contained in 1 
cubic foot of porous Iriaterial, if the effective 
porosity is 0.20 and saturation expressed as 
a percentage of the interconnected pore space 
is 30 per'^ent? ■ " ' 

Turn to Sflcfion: 

0.30 cubic feet ■ 12 
0.06 cubic feet ' ; 6 
0*20 cubic feet ' 2& 



Your answer in Section 3 is not correct. 
The area A represents the gross cross-sec- 
tional area of the'^porous block, normal to the 
direction of flaw. A part of this area is occu- 
pied by. grains of solid, and a part by open 
pore space. Let us say that 20 percent of the 
: area A represents porp space; actual 



10. 



cross-sectional area available for the flow is 
thus 0.2 A. If we were -willing to take the 
ratio of discharge;to\^02^ area as ^ual to the 
average velocity, ^without considering any 
other factor, we would have to use the ratio 
Q/0.2A. The actual average particle velocity 
would presumably exceed eyen this figure, 
because of the excess distance traveledl in 
tortuous flow. 

Return to Section 3 and choose anotilter 
answer. > 



■ Your answer in Section 1-4 * not correct. 
The column of water ia iJhe piezometer is 
f±atic, but hp is the eleTaiion of the top of 
feis column above the pc>lrBt ©f measurement, 



11. 



0 (hf, is sometimes referred to as the pressure 
h^d at point 0) . We J|iave defined head as the 
elevation above dattm of the t9p of a static 
column of water that 6an be supported at 
the point. * 

Return to Section 14 and choose another' 
answer. 



EKLC 



Your answer in Sectioti 9 h rtot correct. 
Saturation is expressed Il\v2> as x percentage ' 
of the interconnected potre spaee. not as a 
'-"W^OTgr'Srar^ian^^ ^^S5H^-r?H5t~ 



12. 



30 percent of the daterconnected pore space 
is occupied by ^xtMer. Since the effective 
porosity^as giver? as 0.20^ and the sample 
"voTume ajS i cubic foot, the vSume of inter- 
connected pore space is 0.20 cubic feet. ' 

Return to Section 9 and choose another 
answer. 
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PART I. DEFINITIONS AND GENERAL CONCEPTS 



Your answer in Section 1 is not correct. 
Porosity is defined by the equation 

where Vp is Ihe volume of pore space in the 
specimen, vAi the gross volume' of the speci-. 
men, and y/is the volume of solid material 
in the sp^men (note that Vj,^Vj,-{-Vp). The 



question in Section 1 asked for the volume of 
solid material, 7^, in a specimen for which 
the gross volume, Tp, is 1 cubic foot and the 
porosity, n, is 0.20. ' 

Return to Section 1 and choose another 
answer. 

13. 



Your answer in Sectibn 3 is correct. Q/A 
will be less than the average velocity of fluid 
motion since the gross cross-sectional area^ 
A, will be greater than .the actual cross- 
sectional area, of flow. In\many porou§ media, 
the ratio of actual area of ^^ow to grosis cross- 
sectional area can be takeli as equal to the 
interconnected porosity of the material. 

Weliave seen that it is generally difficult 
or impossible to loiow or measure the actuaii 
velocity of fluid motion or the actual cross- 
sectional area of flow in a porous medium. 
Fo^- this reason, we usually work in terms of 
discharge and ^oss cross-sectional area. 
That is, we use the quantity Q/A, where Q 
is the discharge through a segment of porous 
material, "and A is the gross cross-sectional 
area of the segment. This quantity is referred 
to as the specific discharge, or sj^ecific flux, 
and is designated by the symbol q. 

Ariothi^r quantity we will' use frequently 
is the static head, or simply the head. In 
ground-water prsoblems, the head at a point 
is taken as the.- elevation, above an arbitrary 
datum, pf the top of a static column of water 
that can be supported above the point. In 
u§ing this definition, we assume that the 
density of the water in the measuring column 

^ ' is equal' to that of the ground water, and th^at 

••Hiie^en5ity-^of-the«gr^.und-.:^^ 



Piezometer 




' QUESTION 

The diagram represents an enclosed porons 
filter bed ; the plane AB is taken as the datiim 
and a piezometer is inserted to the point 0. 
What is the head at point 0 ? 



The distance hp 
The distance z 



Turn to Section: 

11 
17 
24 



14. 
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TECHNIQUES OP WATER-RESOtFRCES INVESTIGATIONS 



Your answer in Sectip^r^o^'is not correct. 
Pressure is usuajly^^expressed as force per 
unit area— foT^ample, as pounds per square 
foot^vlfich may be written pounds/ft-. A 
J^m having units of wai^k or eriergy per unit 
area, such as ft-pounds,^ft-, would represent 



25. 



the product of pressure and a term having 
units of distance, feet. We are interested here 
in an equivalent set of units for pressure 
alone. Now note that if a pressure term were 
multiplied by a ^dimensionless factor having 
*'units" of ft/ft, we would obtain a result still 
having the units of pressure. 

Return to Section 16 and select another 
answer. 



Your. answer, p/pg, in Section 24 is correct. 
The column of water inside the pipe is staiic 
and must obey the laws of hydrostAics. Thlis 
the pressure at the bottom of the pipe is 
related to the height of the column of water 
in the pipe by Pascal's law, which here takes 
the form 

, P = Pf/hp, 

or 

kjj thus actually serves as a measure of the 
pressure at the point occupied by the end of 
the pipe and, for this; reason, is termed the 
pressure head at that point. It is added to the 
elevation of the point to yield the head a_t 
the point- 

Head in ground water is actually a meas- 
ure of th^ potential energy per unit weight 
/ 'of water. This is an important concept. ^ 

The elevation term, z, in the diagram rep- 
resents the potential energy of a unit weigjit 
of water at point 0 that accrues from tke 
position of the point above the datum. For 
example, if ^r^is 10 feet^ ID pounds of water 
in the vicinity of point 0 could accomplish 
100 foot-pounds of work in falling to the 
datum; the potential energy per unit weight 
of water at point 0 due to the elevation of 
the point alone would thus be 10 feet. Sim- 
ilarly, the. pressure term, ftp, represents the 
potential energy of a ynit weight of water at 
point 0 originating from the forces exerted 
■ on the point through the surrounding fluid. ^ 
This concept is considered further in the . 
^.-.-.fQJlojyizaff^seiitijQX^ 



Piezometer 



Water level 
in piezometer 



Datum - 



(Point 0 represents a general point 
;in a fluid system) 



QUESTION 

Pressure is normally thought of as force 
per unit area, Dimensionally this is equiva- 
lent to : 



16, 



energy per unit weight 
ehergy per unit volume 
work per unit area 



7 
26 
15 
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PART I. DEFINITIONS AND GENERAL CONCEPTS. 
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Your answer in Section 14 is not correct. 
z is the elevation ''of the point above the 
datum; we defined head as. the elevation, 
above datum, of the top of a static column of 
water that can be supported at the point The 
column of water in the piezometer is static 



when conditions in the porous medium are 
at equilibrium. ' 

Return to section 14 and choose another 
answer. 



17. 



Your answer in Section 1 is not correct. 
If the porosity is 0.2G, there will be 0.20 cubic 
foot of pore space in a specimen of 1-cubic- 
fwot voluiuc^ The (niiestian fusked for the vol- 
ume of solid material in the specimen. 



Return to Section 1 and choose another 
answer. 
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■ Your answer in Section 24 is not correct. 
The column of water inside the pipe^is static 
and must obey tk« laws of hydrostatics- The 
pressure at a depth d beneath the water sur- 
face, in a body of static water, is given by 
Pascal's law as 

p = pgd 

where again p is the mass density of, the 
water, g is the acceleration due to "gravity, 
and the pressure at the water surface is 
taken as zero. This relation may be applied 



to the water inside the pipe in the. question 
of Section 24. If you are not familiar with 
Pascars law it would be useful to read 
through a . discussion of hydrostatics, as given 
in any standard * physics text, before pro- 
ceeding further in the program. : 

Return to Section 24 and choose another 
answer. / ' 
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Your answer in Section 26 is not correct.^ 
Potential energy is a scalar term; when it 
consists of contributions froth different 
sources, these ar'd simply added to obtain the 
total potential energy. The potential energy 
of the. unit weight of water due to its eleva- 



tion is z, while that due to the forces exerted 
on it through the surrounding water is hp, 
' Return to Section 26 and choose another 
answer. 



20, 



Your ansvra- in Section 6 is not correct. 

tance between the two points, and no flow 
Ijath could be any shoVter,than this. 



Return to Section 6 and select another 
answer. . ' ■ ^ 

2n 
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Your answer in Section 26 is correct. The 
unit weight of water has hydraulic potential 
energy due to its elevation and due to the^ 
forces exerted on it by the surrounding fluid. 
The potential energy due to its elevation is 
z, and the potential energy due to the forces 
exerted on it through the surrounding' fluid 
is v/^Q^ or /ip. The sum of z and is of course 
the head, hy (as used in ground-water hy- 
Ui^auJics) at. the point in question. The two 
terms making up' the- head at a point — the 
elevation of the point itself above datum and 
the elevation of the top of a static column of 
water that can be- supported above the 
point— measure respectively the two forms 
of hydraulic potential energy - per unit 
wefght Their sum indicates "^the total hy- 
draulic potential energy per" unit' weight of 
fluid at the point. . 

QUESTION 

Which of the. following expressions would 
indicate total hydraulic potential energy- of ' 
a unit ^voZzme of fluid in the vicinity of point 
A in the diagram? 



22, 



Water level 
in piezometer 



Datum 



P-^pffz 

p-hz 

p/pg-^z 



Turti to Section: 

8 
5 
27 



Your answer in Section 26 is not correct. 
z represents the potential energy /of a unit 
weight of water in the vicinity 6f point 0, due 
to its elevation above the datum. A 'unit 
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weight of water in this vicinity will also 
possess potential energy because of the forces 
exerted upon it through the surrounding 
water. The question asked for total hydraulic 
potential energy. 

Return to Section 26 and select another 
answer. 



Your answer in Section 14 is correct. Head water that can be supported above the point, 

consists of two terms in ground-Tyater sys- In this case, the column of^water in the, 

rr-^^ISgi^'^_g:Al'!y^^.gLi^^^ P[^^21^^L i?J^^?..lfa1iiS. P9Jy'!l^...ft1^y^,;^ 

datum, and,the height of a static column of point. ^'"^ 

The height of the (jplumn ODf water above 

Py# ^ the point is a noDeasure of thfaf?pres8ure at . the 

. ViOfl, point and is sometimes termfid tiie fpressure 



PART 1. DEFINITIONS AND GENERAL CONCEPTS 



head. Refiders familiar with open flow hy- 
draulics may recognize that the head we have 
defined here differs from the total h.(^ ^ nc^o.] 
in open flow hydraulics* in thv 
term, V'/2g, is missing. Velocitit'. 
usually small in ground-water syste ..i, :u: 
the term v'\/2g is almost always negligible in 
comparison to the. -elevation and pressure 
terms. 

QUESTION 

Suppose a pipe, open only at the top and 
bottom, is driven into the ground. The bottom 
of the pipe comes to rest at a point below the 
water table where the pressure is p. Water 
rises inside the pipe to a height -hp above the 



lower end of the pipe. The pressure on the 
water surface withm the pipe, (which is 
a t.ually the atmo^ ic pressure) here 
taken as zero. The of thp c lunu nf 

water inside the pi o the bottom of tue 

);n e, will be given L. y : 

Turn to Section: 

where p is the water density, or mass per unit 
volume, and g is the gravitational constant. 

Conr-24. 



J V 

Ybur answer in Section 24 is not correct.- 
Pressure within a body of static water varies 
in accordance with Pascal's law, which may 
be stated 

p-pgd 

where p is the mass density of water, g is the 
acceleration due to gravity, and d is the depth 
below the surface at which the pressure is 
measured. The pressure on the upper surface 
of the water (sometimes denoted po in text- 
books of hydraulics) is here considered to be 
zero. If you are net familiar with this rela- 
tion, it would be a good idea to read through 



a discussion of hydrostatics, as presented in 
any standard physics te:ct, before^ proceeding 
further with the program. • 

In the problera of Section 24, the column 
of .water in the pipe is static, and Pascars 
law may be used to give the pressure at any 
point within this column — even at its base, 
where it jpins^the groundrwater system. 

Return to Section 24 and choose another 
answer. 



Your answer in Section 16 is correct^ Pres- 
sure may in fact be thbught^of as potential 
energy -per unit yolume of liquid. Physically, 
this concept is perhaps most easily appre- 
ciated usinig the., example of a simple hy- , *d under 
\draulic cylindei(^, or hydraulic press, shown ^^^^mp^^ 
schematically in the. diagraam. Liquid uniiHr 
a pressure p is fed in through the port at 0. 
As the liquid enters, the pistonns displaced 




per unit area, and it follows that the total 
force^ on the piston is given by the product 
of the pressure, p, and the face area of the 
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piston, which wc^ designate A. Thus, F^pXA, 
where F is the force on the piston. 

The work accomplished in moving the 
piston is given as the product of the force 
and the distance through which it acts. If the 
piston mioves a distance d, the work done is 
given by 

W=Fxd--pXAXd 
Where W is the work accomphshed in moving 
the pistorL The product Axd is the volume 
of fluid in the cyh'nder at the completion of 
the work.;:and we could say that this volume 
of liquid is capable of doing the work W, 
provided the liquid is at the pressure p. 

Potential energy is often termed the ability 
to do work. That is, if a system is capable of 
doing 10 foot-pounds of work, we say that it 
possesses a potential energy of 10 foot- 
pounds. In.the case of dur cylinder, the poten- 
tial energy we assign depends upon how far. 
we are willing to let the piston travel. If the 
piston is allowed to travel a distance d=5, 
• the work tJiat can be done is.VxSA; if the 
piston is alQowed to travel a distance d=10, 
the work 1±at can be. done is 39XIOA. fhiis, 
. the assignment of a potential energy in this 
case is not altogether straightforward, since 
the distance which the piston will travel— or, 
equivalently, the volume/ of fluid which will ^ 
be admitted to the cylinder under the pres-' 
sure 2?— must be specified before the potential 
energy can assigned. In this case, there- 
fore, it is more convenient to talk about a 
potential energy per unit volume of liquid. 
For example, if we are told that the potential 
energy is 10 foot-pounds per cubic foot of 
water in ihe cylinder, we can calculate the 
particular potential energy associated with/ 
the admission of any specified Volunie of fluid 
to the cylinder. The work which can be done 
if a-volume -A-x-c^-of^liquid_is_JLd^^ 
pxAxd; dividing this by the vdume\Jx 
gives . the work which can be done per unit 
volume of liquid—that is, the'potential en- 
ergy per unit volume of liquid. This poten- 
-tial energy per unit volume* turns out to be 



the pressure, under which the fluid is ad- 
mitted to the cylinder. 

Thi3 concept of pressure as potential en- 
ergy per unit volume can be extended to gen- 
eral systems of flow, provided that we under- 
stand this potential energy to be only that 
dueto forces exerted on a fluid element by the 
surrounding fluid. To obtain total potential 
energy, we would have to add the potential 
energy due to the force of gravity acting 
directly on the fluid element. 

If pressure, representing potential energy 
per unit volume, is in turn divided by pg, 
weight per unit volume, we obtain p/pg — or 
simply hp, the height of a static column. of 
water above the point — as the potential en- 
ergy per unit weight that is due to the forces 
transmitted through , the. surrounding fluid. 

QUESTION 

Referring to the diagram,^ which of the 
following* expressions will give the total hy- ♦ 



Water/level 
in piezometer 



Piezometer 



Y 



Datum ' 
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dij-aulic potential energy of a unit Weight of 
water located in the-vicinity^of point 0? 



hp-z 
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Your answer in Sectio/22 is not correct. Return to ^Section 22 and choose another 
We have already seen that p/pg-^z was equal - answer, 
to the total potential energy per unit weight 
of A?^ter. To obtain potential energy per unit 

volume, we must multiply by weight per unit 27 P 

volutfe; 



Your answer in Section 3 is not correct. 
The quotient, Q/A, would yield an average 
velocity if we were dealing with an open 
flow. Here, however, A is not the cross- 
sectional area of floV; it is, rather, the cross- 
sectional area of the porous block normal to 
the flow. Only that fraction of this area vjrhich 
consists of open pore space can be considered 
the cross-sectional area of flow. Suppose, for 



example, that this pore area represents 20 
percent of the total face area, A. The flow 
area would then be 0.2 A. 

Return to Section 3 and choose another 
answer. 

28. 



TTpur answer in Section 9 is; not correct. Return to Section 9 and chpose another 
The volume of interconnected pore space is answer. 
0.20 cubic feet, but since ^turation is less 

than 100 percent, the volume of water in the ' _ 

specimen cannot equal the volume of inter- 
connected pore^ space. Keep in mind that we 

arie expressing saturation as a -percentage of 2^f\ 
the interconnected pore space. ' 



Part IL Darcy's Law 

Introduction 



Part II gives a development of Darcy's 
law. This law relates specific jiischarge, or 
discharge per unit area, to th^ gradient of 
hydraulic head. It is the fundamental relation 
governing steady-state flow in porous media. 
The development given here should not be 
taken as a rigorous derivation ; it- is no more 



than a plausibility argument, and is pre- 
sented iii order to give the reader some . 
appreciation for the physical significance of 
the rela.tion.- 

Following the program section of Part II 
a short discussion on generalization of 
Darcy's law is given in text format. \ 



\ 



In mechanics, when considering the steady 
motion of a particle, it is customary to equate 
the forces producing'; the motion to the fric- 
tional fo^rces opposing it. The same approach 
may bb followed in considering the steady 
movement of fluid through a porous medium. 
In. studying the motion of a solid particle 
through a fluid, we find that the force of 
friction opposing the motion is proportional 
to the velocity of the particle. Similarly, in 
flow through a porouar medium, we will 
assume that the frictional forces opposing the 
flow are proportional to the fluid velocity'. Our 
approach, then, will be to obtain expressions 
for the forces driving a flow and to equate 
these to the^ frictional force opposing the 
flow, which, will be. assumed proportional to 
the Velpcity. Mor6 exactly, we will take the 
vector sum of the forces driving and opposing 
the flow and set^his equal to zero. What we 
are saying is that because the fluid motion is 
steady — ^that is, because no acceleration is 
observed — ^the forces on the flui^ must be in 
balance, and therefore that their vector ^sum 
is /zero, at all points. The equation that we 
oBISmTf^aur^^^ 




will be a form of Darcy's law. We begin by 
considering the forces which drive the flow. 

QUESTION 

Suppose we have a pipe packed with &and, 
as in the diagram. The i>orasity of the sand is 
n. Liquid of density p is circulated through 
the pipe' by means of a pump. The dotted 
lines mark out a small cylindrical segment 
in the pipe, of length A?, and of cross-sec- 

.14 
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small volume, or element, of the moving 
fluid occupies this segment. The fluid pres- 
sure iit point 1, at"^the upstream side of the 
segment, is. p,. / 

Which of the fallowing expressions would 
best represent the force exerted on the up- 



stream face of the fluid element by the ad- 
jacent fluid element? 

Turn to Section: 

p,A 25 

p,nA . 8 



■(2> 



Your answer in Section 19, 

- — dQiAl-n-A), 

is not correct Our assumptions were that the 
frictional retarding force would be propor- 
tional in some way to the dynamic viscosity 
(/i), to the Volume of fluid in the element 
(aZ-?i-4), and tb the specific discharge, or 
flow per unit area (Q/A). While the answer 



which you have chosen is not incompatible 
with these assumptions, it do^ -not fit them 
as well as one of the other .ans^yers. Your 
answer assumes the retarcjing force to be 
proportional more particutoly to the full 
dischargers, 'than to the specific discharge, 
Q/A. 

Return to Secbon 19 and choose another 
answer. 



■{3} 



Your|answer in Section 26 is not-correct. 
The term Ah7i'A gives the volume of fluid in 
the element; the question asked for the mass 
of fluid in the element. Keep in mind that p. 



the density of the fluid, represents its mass 
per unit volume. 

Retutn to Section 26 and choose another 
answer. 



H4) 



Your answer in Section 35 is not correct- 
The term yjT^^zpTJKzy is obviously equal 
to 'AZ,^so that the answer you selected is 
equivalent to the term p-UrA-g -aL But as we 
saw in Section 15, this term gives. the magni- 
tude of the toiaZ gravitational force on our 



pression for the component of this total force 
in the direction ^^f flow. We have seen that 
this component is ^fiven by the expression 
p^n-A^g-Ahcos y; the idea of the question 
is to find a term equivalent to cos y aJid to 
substitute it into the above expression.' 
Return to Sectfon 35 and choose another 
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- -Your,answer in Section 31, 



is not correct. The expression obtained pre- 
viously for the net force was {pi-P2)nA, or 
-^piiA. You have substitiited the pressure 
gradient, or rate of pressure change per foot, 
for the small pr(^ssure change, -Ap. To ob- 
tain a net change, or increment, froni_a,gTadi- 
ent, or rate of change-perTinTrHIstance, we 
must multiply the rate per unit distance by 
the distance over which this change takes 
place. For example, dv/dl in the figure repre- 
sents the slope of a grraph of pressure, 
versus distance, I. To obtain the pressure 
change, p.-p,, we must multiply this slope 
by the length of the interval, aZ; and since 
we actually require the quantity Pi-P2, we 
must insert a negative sign. (In the situation^ 
shown at left, pi is greater than pi:— that is,' 
pressure, is decreasing in the direction of 
flow, The derivative dp/dl is therefore an 

(6) 

Your answer in Section 33 is not correct. 
The tevrn p'U'Al' A' g gives the magnitude of 
the total gravitational force vector, F^. How- 
ever, we require the component of this force 
vector in the direction I since only this com-' 
ponent is effective in producing flow along 
the pipe. In the vector diagram, the length 
of the arrow representing the gravitational 
force, F,j, is proportional to the magnitude of 
that force, and the length of the arrows rep- 
resenting the two components, f/ and f„, are 
proportional to the magnitudes of those com- 
ponents. Using a diagram to show the resolu- 
tion of a vector into its components makes it 
easy to visualize the following general rule: 
the magnitude of the component of a vector 
in a given direction is obtained by multiply-^ 
ing the magnitucle of the vector by the cosine 
of the 'angle between the direction of the 
vector and the direction in which the com- 
ponent is taken. " ' 




Distance, Z—*- 



ap 

— Pi = Pressure change, Ap = — X A^ 



intrinsically negative quantity itself — the 
graph has a negative slope. By inserting an- 
other negative sign, we will obtain a positive 
result for the term Pi — p^.) 

Return to Section 31 and choose another 
answer. 




Return to Section 33 and choose another 
answer. ^ 
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Your answer in Section 28, 
Q dh 
' 

A dl ' ^ 

is correct. This relation between specific dis- 
charge and head j^radient, or hydraulic gradi- 
entr dh/dly was obtained "experimentally by 
Kenri Darcy (1856) and is known as Darcy's 
law for flow^ through porous media. The con- 
stant Ky in the current usage of the U.S. 
Geological Survey, is termed the hydraulic 
conductivity and has the dimensions of a 
velocity. The constant k, again in the cur- 
rent usage of the Geological Survey, is 
termed the intrinsic permeability ; it's dimen- 
sions are .(length)-, and its units depend 
upon the units of density and viscosity em- 
ployed. In the current usage of the Geologi- 
cal Survey- where p is measured in kg/m% g 
in m/s=, and /i in kg/(ms), k would have 
the units of m=. 

As noted in Section 28, hydraulic conduc- 
tivity, K, is related to intrinsic permeability, 
fc, by the equation 

where p is the fluid density, /i the dynamic 
viscosity of the fluid, and fir the gravitational 
constant. Hydraulic conductivity thus in- 
• corporates two properties of the fluid and' 
cannot be considered a property of the porous 
medium alone. Intrinsic permeability, on the 
other hand, is normally considered to be only 
a property of the porous medium. In ground- 
water systems, variations in 'density are 
normally associated with variations in dis- 



solved-minerar content of the water, while 
variations in \iscosity are usually due to 
temperature changes. Thus in problems in- 
volving significant variations in mineral con- 
tent or in water temperature, it is preferable 
to utilize intrinsic permeability. 

The entire theory of steady-state flow 
through porous media depends upon Darcy's 
law. There are certain more general forms 
in which it may be expressed to deal with 
three-dimensional motion; some of these are 
considered in the text-format discussion at 
the end of this chapter. The development 
presented" in .this chapter involves numerous 
arbitrary assvimptions, and thus should not 
be considered a theoretical derivation' of 
Darcy's law. It has been pressed here to 
illustrate, in a general w^, the physical 
significance of the terms appearing in the 
law. 

QUESTION 

Consider the following statements: 

(a) ground water flows from higher eleva- 
tions to lower elevations. 

• (b) ground water flows in the direction of 

decreasing pressure, 
(c) ground water moves in the direction 
of decreasing head. 

Based on Darcy's law as given in this chap- 
ter, which of these statements should ^l^vays 
be considered true? 

Turn to Section: 

all three 29 

(b) and (c) but not (a) 13 
only (c) ^ , 21 
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Your answer, PxnA, in Section 1 is cor- 
rect. The overall crosS-sectional area of the 
upstream face of the segment is A. The 
area of fluid in the upstream face is nA, if 
we assume the ratio, between ftuid area and 
overall area to be equal to the porosity. The 
pressure, or force per unit area, multiplied 



by the fluid area then gives the total force 
on the fluid element through the upstream 
face. Similarly, if is the fluid pressure 
at the downstream face, p^nAy gives/ the 
magnitude of the force exerted on the down- 
stream face of the fluid element by the ad- 
jacent downstream element. 



28 
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QUESTION 

Let us assume that the pressure^ is 

greater than the pressure p,. AVhich of the p,?2A-l-p..?iA 

following expressions would best represent p,?zA-l-p.nA 

the net pressure-force on the element in 2 ' 

the direction of flow? Pi?iA-P::?iA 



Turn to S«cfion: 

23 
12 
31 
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Your answer in Section 28 is not correct. 
We saw in Part I that head, h, was given by 

V 



It follows that 



-4-2. 



dh d(p/pg) dz 

~dl di~ Tl 
Use this result in selecting a new answer 
to the question of Section 28. 



Your answer in Section 11 is not correct. 
We have obtained expressions for two forces 
acting in the direction of flow — the net 
pressure force, which was calculated as the 
difference between forces exerted on the up- 
stream and downstream faces of the element 
by adjacent elements of fluid (see Section 
26) ; and the component of the gravitational 
force in the direction of flow (see Section 
11). The question asks for the combined net 
force due to both pressure and gravity. 



Forces are combined by means of vector ad- 
dition. In this case, however, the net pressure 
force and the component of gravity we are 
considering are oriented in the same direc- 
tion — in the direction of flow. Vector addi- 
tion in this instance therefore becomes a 
simple addition of the magnitudes of tiie two 
terms. 

Return to Section 11 and choose another 
answer. 



Your answer, 



ERIC 



AZ 



in Section 35, is correct. Az/^Al is the equiva- 
lent of cos y; it simply gives the change in 
elevation per unit distance along the path of 
floio. (It thus differs from slope which by 
^^p^ition i§. the change in elevation per unit 
orizontal distance.) In the notation of cal- 
culus, Az/aI would be represented by the 
derivative, dz/dly implying the limiting value 



of the ratio az/aI as smaller and smaller 
values of Al are taken. The force component 
along the pipe must be positive, or oriented 
in the^ direction of flow, if z decreases in the 
direction of flow — that is, if dz/dl is nega- 
tive. It must be negative, or oriented against 
the flow, if z increases in the direction of 
flow — ^that is if dz/dl is positive. We there- 
fore introduce a negative sign, so that we 
Kave finally 

fj« — p*n*A*Ahg*dz/dl 
where fj is the component of the gravitational 
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force parallel tc tke pape, as in Secti;;n 33. 
The total force cliv -.inii^ the flow is the sum 
of this gravity coinpon^-i^nt and the pressure 
force. 



Which of tr-: fc — ' - 
[^ave the net fc rce r ~ the t. 
'>f flow, clue to Dre ' --t w 



-\pressions ^ 
d in the directic:i 
irravity together ? 



.(ll)-Con. 



dv dz 

— 

dl dl 



^OS y -h /i*AZ-A;, 

dz -dp 
dl dl 



Turn to Sectionn 

24 
10 



n 8 is not correct. 
-p..nA)/2 would be 
the force in the di- 
I cross-sectiona': area 
if our fluid element; 
force on the element 



Your answer in .-^ec 
The expression ( h \iA 
approximately equal ' 
rection of flow agains 
taken at the midpoin: 
it does not give the va 
itself in the direction of flow. 

The fluid element extends along the pipe 
a short distance. Over this distance, pressure 
decreases from at the upstream face to p. 
at the downstream face. The force on the 
element at the upstream face is the force 
acting in the direction of flow; the force on 



the elemen: at the' d rwi * rream ':^ce is a 
:orce actin^^ agaisnt the lirection of iow. 
That is, it is a "back pu fronn the adjacent 
riuid element, against .e element we are 
considering. Its magnitude is again given as 
a product of pressure, porosiity, and face 
area, pj{iiA, but now insert a negative sign 
to describe the fact that it acts in opposition 
to the force previously considered. The net 
force in the direction of flow is obtained by 
algebraic addition of the two force terms. 

Return to Section 8 and choose another 
answer. 



Your answer in Section 7 is not correct. 
Ground water frequently percolates down- 
ward from the water table; the pressure is 
greater at depth than at the water table, so 
in these cases water is moving in the direc- 
tion of increasing pressure. Keep in mind 



that Darcy's law relates flow per unit area to 
the gradient of head, not to the gradient of 
pressure. 

Return to section 7 an4 choose another 
answer. 



7^ 
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Your answer in Section 31 is not 'correct. 
We have seen that the net pressure force was 
equal to — ^pnA. It cannot be equal to this 
and to ^v{dv/dl)nA (unless dp/^dZ happens 
to equal — 1, in a particular case). 
. We wish to substitute an expression in- 
volving the derivative, dp/dl, in place of the. 



pressure phange term, — Ap. To obtain an 
expression for a change, or ^n increment, 
from a derivative, it is necessarv to multiply 
the derivative— that is, the ra% of change 
per unit distance — ^by the distance ovei- 
which the increment or change occurs. For 
example, the diagram shows a graph of pres- 
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rA ire versus distan *^' " *le slope of this grapfn 
is the derivative, f^^'^c:. If we wish to -oibj- 
tain the change izi pi-r: ?ure, P2 — Pi occurring- 
over the interval al. ~^e must multiply the 
rate of change per . . :t distance, dp/dl, by 
r ' the distance aZ. Since v e actually require fhe 

negative of this qua^-ity, 7>i—p^, we must 
£ j ^ unseft a negative sign.. (As shown on t2ir 

graph, 2?i exceeds P2 — pressure is decreasfarrg 
_ _ 5^ direction of flov , Z. The derivative of 

— A- iireHsure with respect to distance, dp/dl, is 

^. therefore a negative quantity itself — that is, 

Distar graph has a negx:::ive slope. By inserting 

another negative sig: ; we will obtaiti a posi- 
— p, = Pressure chan; ^ J tive result for the term pi — 2)2.) 

Return to Section 31 and choose another 
answer. 



O) VJ 
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Your answer, m^p-sl-n-sL. rr) .^action 26 
is correct; mass density, p. tirrtu^s volume of 
fluid, n-AZ-A, wh^re n is porsitv. ^::ives the 
mass of fluid. The magnitoiie oi ^he total 
force of gravity on our fluid tJilem^t will, 
therefore, be p-AZ-n;A*flf. This rravdtational 
force acts vertically downwsird. As a force, 
however, it is a vector quantiirr; m'^i Hke any 
other vector quantity it can be fr-^c into 
components acting in other dirsE^r:::!!; 



QUESTION 

The diagram again shows the flow system 
we have postulated. Which of the following 

statements is correct? 

■-/ ■ 

/ . ■ 

/ • • 




Turn to Section: 

The entire gravitational force is eifect- 
• tive in causing flow along the pipe. 22 

Only the component of the gravitational 
force parallel to the axis of the pipe 
contributes to flow along the pipe. 33 

Only the horizontal component of the 
gravitational force contributes to flow 
along the pipe. 18 

i 
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Your. ansAver in Section 1 is not correct. 
The force "on the element will be giver, by 
the pressure, 3r fence per unit area, multi- 



plied by rhe area of fluic ^rr iT:.< which tr?.^ 
pressure acts. 

Return to Section 1 and cbisose another 
answer. 
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Your answ-sr in ..Section 26 is not correct. 
The term p-xl-A \Tri3uld give the mass of a 
fluid element having a volume ^.l•A, In our 
problem, however, only a part of the volume 



JiZ-A is occupied by fluid; Jw uJiance is oc- 
cupied by solid sand grains. 5-c\ the acmral 
volume of fluid is less than ja^i 

Return to Section 26 sadl c r^se anotiher 
answer. 



Your answer in Section 15 is not correct. 
Gravity, as we are considering it, has no 
horizontal component. No vector can have a 
component perpendicular to its own dirc-c- 
tion. For our purposes we consider the gravi- 
tational force vector, F^, to be always di- 
rected vertically downward; there can be 
no horizontal component of this force. 

The diagram shcjws the gravitational force 
vector resolved into two -components — one 
parallel to the direction of flow, fz, and one 
perpendicular to the direction of flow, f„. 
Fluid velocity itself may be considered a vec- 
tor, nri the direction 1. As such, it has no com- 
ponent in the direction of f„, normal to the 
pipe — ^and a force component normal to the 
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pipe could not contribute in any way to the; 
fluid velocity. - 

Return to Section 15 and choose another 
answer. 



Your answer in Section 11, 

dp dz\ 
— — -pg — A? • n • A 
dl dlJ 

is c^»rrect. The net forcre per unit vohtrne of 
flitm due to pressure and gravity would thus 
be 

dp dz\ 

- + r9— , 
^dl dl/ 

since AZ-n-A gives tke volume of the fluid^ 
element. 



Our approach in this developcEysHit is to 
equate the net force driving the Hi¥^ ta lie 
frictional force opposing it; more exactly, "we 
will obtain the vector sum of thfae ^pip<mng 
forces and set the iresult equal tir 2cto. The 
resulting equation will be a sasfcestnent of 
Darcy's law. We have obtained an sxajreospn 
for the net force driving the flow« We aiow 
consider the force opposing thevnadSra. T!5iis 
force is due primarily to friction h«*ween the 
moving fluid and the porous mediiam.'In anaane 
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other sVi^zen - o: mechanics — for example ir. 
the case of : paruciti mo- ing: through a vis- 
cous fluid a: mocier2.le sr^^ed — the frict:onal 
ret<arding force obser\'f:d to be proportional 



to the velocity 
assume a siini: 
element of 3ui^ . 
Pare I, the actua 
point to point ar 
determine. For ^ 



moyemBut. By an:iUo^' we 
rela' in to hold for our 
Ho'^'^^'er, as indinated in 
por-i v^elocity varies from 
drzicnilt or impossible to 
3ct:c;il purposes therefore, 
we consider the frict^onal force on out fiuid 
element to be prrporti.:naI to the speciiic dis- 
charge, or flow 7 sr un :t cross-sectional area, 
through the porous inatarial. (See Section 
14, Part I.) The specific discharge, which has 
the dimensions oz a velocity (and is in fact a 
sort of apparent velocity), is determined by 
the statistical distribution of pore velocities 
within the fluid element; and we are, in ef- 
fect, assuming that the total frictiona? re- 
tardingi force on the element is likewise de- 
termined by thi. statistical ci^xrlbu'tion of 
pore velocities, un additicm, wh: a-ssume the 
total frictional -etarding force on the fluid 
elerment to be proportional to the volume of 
flui' : in the element, on izie theory that the 
tbtai area of fluid-solid contact within: the 
elemient, and therefore the total frictional 
drsii? on the eleiment, increases^ in propQirtion 
to time volume of the element. Finally, we as- 
sume that" the retarxJing- force is proportional 
to the dynamic viscosity c f the fluid, since 
we would expect a fluid of low viscosity to 
move through a porous me<: ium more readily 
than a highly viscous liquia. 




Pipe parJc--Kd 
with san-^ 
Porofsity ^=^,t 



QUESTION 

Following the various assumptions out- 
lined above, which of the followir^ii;: '^.-iRviries- 
sions would you choose a^ best reJireHi^ir^ting" 
the frictional retarding fcKrce on the fluiii jele- 
ment of Section 1. (Showoi again in die alia- 
gram.) 



Tiurn to Ssection: 



Ic 



1 

T 
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• 1 , Q 

— ;t(^/-?7'.4)— 20 

A: A 
indicates a constant proi>or- 
is^the dynamic vascosrty of the 
fluid, and C* is the fluid dischargre through the 
pipe. 



where 1 /r 
tionaliti*', /n 



. Your answer in Section 19, 

1 Q 

j.(^lnA) — , 

k A 

is correct. The ne^ati\-e sign is errmloyed to 
indicate that rttie fricrEHnal retarding force 
will be opposite in direeniiim to the fluid move- 
ment. We assume that mr fluid motion is 
steady — that is, trrat the fluid velocity is not 



changing with time, or m other words, that 
there is mo fluid acceleration. In this coisidi- 
tion, the forces prodmcing the motjixxn must 
•be in balijEnce with tlie fricticsnal -cebarding 
fcrrce. Thse vector suita of Hiess fGcces mnst. 
thereforer ibe zero; acnd beaause tSe force 
cemponecfe" contributing to i3ie mffitacm are 
all directs^ along the pipe, iiixa vector sum 
is simply CT. algebraic sum. 
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We hv. e =een t>.x rae i it ariving force or 

the fluic elc-T^eni— thr^:: , . the net force, fa 

the' dire :io:) of .o^/ i to pressure and 

ghaVity zefher — in br 

Suppose we take -li^^^^raic sum of this 

force and rur rer.::r: r iTorce, a,Tid set thr 
rasult equ i to :^ "^h^-h the followinjir 



v/iu.tions niav :hen be derived from the re- 



Turn to Section 

dp dZ 11 Q 
-^.r/ — + = - A 

dl ' dl k A 



Ic I dp dz\ Q 



,Adi 



dlj A 



{dp dz\ , ^ 
\dl ^ dl) k A 
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Your answer . )) St-r:: m 7 is correct. 
Darcy's law, as :cr: equarioiL containing a 
derivative, is actuuliy a dilrerBntuil equation. 
It relates flow 'per jmit area, or flax, to the 
energy consumed per unit diistazice by fric- 
tion. Analogies can readniv be recognized 
between Darcy's law amd the differential 
equations govemirrrr the STieady fiow of heat 
or elecr:ricity. Th'^; hytlnriuljc condutnirivitj", 
if, is analogous to :hemriil or eiectricri;! con- 
ductivity; while h^'drauEc head, h, is a po- 



; iiiial analogous to temperature or voltage. 

- To be more correct, the term Kh constitutes 
: l^round-^vater velocity potential — ^that is, a 
function whose derivative yields the flow 
v-ilocity — provided both the fluid and the 
porous medium are homogeneous and the 
medium is isotropic.) 

This concludes the pr^dgramec instruction 
m[ Part IL A discussion in text format deal- 

ng with generalizations of Barry's law be- 
^-ins^on'the^page following Section 37. 
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Your answ^"-*- in Section 15 is not cor ^^"^ 
The diagrair '^how^s the gra\aT::in.ona] fi 
vector, F... res* -{^-^id int '^ nvo coirrCTneiriT?. ^^2u 
parallel i: ^ tm^ dirty^ition of flow*. ams. onc- 
perpenidiciikar yj It X,. If tfce iflb^ wre -er- 
tically dt^r^iwrrttl — ■'mat: is, cciTinear wnth F 
— ^the tjjitlr^ jrrtirniitimiial force wouiid ef- 
fectivcj Li: pni:diic±3§' flow. In tite Hituation 
shovCT, ho^e'''a\ t^nmpoineiitt inf the firr:i\^:- 
tatiisnal fores — err that peTpsesndiccilssv^ to 
the :aow — is bai^ii^rHSii by ststtic iSircea (ex- 
ertesl by the W2ii.- ccMhe pipe. To TrasW tliiis 
in :another way. i^e nnay note iiiEat the liuiid 
velocity itsel3 ii^: a vector, in line directSnn i. 
No vector carT fci^^ a component perpendicu- 
lar to its own:direcmm ; so the .velocity vector 




has no component in the direction of f„. The 
force component f„ can therefore contribute 
nothing to the fluid velocity. 

Return to Section 15 and choose another 
answer. 
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Tour answer in Section 8 is not correct. 
Th ^ pressure at a point ir_ a fluid is a scalar 
Quantity; it is not directional in character, 
and we say tlrat i: "acts in all directior s." 
Hc^.vever, if we choose any small cross-? ac- 
tional area within the fluid, we can meas n-e 
a force against this area attributable to :he 
pressure, re^a^dlers.s of the orientation oi ' he 
area. This force i:> a rector, or directed quan- 
tity; it acts in adzrectiion normal to the -mall 
area and has a irra^itude equal to the wod- 
uct of the pressure and the area. In the ex- 
ample of Section 1 and we consider the 
pressure at tvvo T>rrints, the upstream and 
clo^vnsrtream face::- of our fluid element At 
the upstream face ^-e write an express ">n 



Pi. 'A for the magnitude cf the force, in the 
di: f.^:*tion of the flow. At thn downstream face 
wt? .:.re interested in a force apposing the 
flo — ^that is, actin^r in a direction opgwsits 
to flow. The m^ioiitude of ^is lorce is 
ajr -in ffiven a.*? a p'Todvict of pi'^^ssure, poros- 
j i ; , .a:rid face a^-ea. Pz^^; but b^siause we are 
in.ter:ested in^ the force acting' agaimi the 
rio'^v or in a direction opposite to thax prig- 
riiiilir taken, we i:aow introduce a negative 
i^ijcn. The net force on the fluid element along 
:r.e axis of the pipte can now obtained by 
algebraic addition of the two force eCTrefi- 
siions. 

Return to Secii^on 8 and choose another 
323swer- 
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Your answer in Section 11 is not ctnrrect. 
The idea here is sinrply to comcnvnt' i^'^' ex- 
pressions obtained fo^T tie ir^t rsressnre^ force 
(see Section 26) sscd v:xt feie ^ompone "^r df 
the gravitational force parallel to the 
(see Section 11 ) . Forces are always con^ v.ed 
by means of vector addition. In tiiis 
however, the two vecxors we are cani^itU rirrr 
are oriented in the sain^ direction Tlni^i is, 



^'^:th the net pressure force and our com- 
pT>nent of the. gravitaticmaLinrce are oriented 
iu the direction of tfche flow. In this case, 
therefore, vector additior amouitrts tso no 
more than the simple scalar addition of ±he 
magnitudes of fee two comrDonents. 

iiinm to Sectiw 11 assir choos^B anotfeer 
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Your answer in Section 1 is not correct. If 
we were dealing with apen^flow in the pipe, 
the force on the fluid elem^t would indeed 
be given by the term PxA. Here, however, a 
I>art of the area A is occupied by solid sand 
grains and the remaandesr rjy the u&^stream 



face of the fluid element. Fcyr our purposes 
here, we may assume that the ratio of fluid 
area to total area i;^ equal to ttoe porosity, n. 

Hetiim to Sieetion 1 and iitoo^ anather 
answer. 
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Your, ans'wer in Section 31, 
dp 

sbiA, . 

cU ^ 

is correct. The ;?radient or derivative of pres- 
sure, dp 'dU multiplied by the length inter- 
val, 'gives the change in pressure, Vz^Vu 
occunrriixg- in that iatfcerval. Since we require 
the term Pi-p-, we use a negative sign. 
.^Multiplication by the fluid area, n.l, thei! 
gives the net pressure force on the element. 

Our purpose in this chapter is to develop 
Darcy's law by equating the forces drivin:fi: 
a flow to the frictional force retarding ir 
We have considered the pressure force, which 
is one of the forces driving the flow. In ad d.- 
tion to this pressure force, the element o: 
fluid is acted upon directly by the force ^^f 
gravity. The total gravitational force on x-m- 
element is given by the acceleration due to 
gravity, </. multiplied by the ma^^s, m, of fluid 
in the el-ement. 



Pipe packed 
with £;and 
Pomsitv = n 



Which of the f< 'lowing equations for the 
nass of fluiid in ou r elem*^nt, which is shown 
-u^a^n in the diagr^^m, is conect" 



11)7 
•|]5 
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Your cinswer, 

dp dz\ 1.1 Q 

—^pg~ ]^l n^A^- — 
dl dl/ r: A 

in Section 20 is not correct. Each of the force 
terms-— the net driving force and the retard- 
ing force — contains the e>rpraHJ^ion ^l-7i A 



esprc^entimg ther -^roilume of in :Ae ele- 

r'^.l. IVhem tfee :f:'orce rternis -are: ai^tied arid 
■fiSiT sum tst rtrnnai. to z^ro, the temi jJ-n^A 
TVL^r be di v'det rar. of the esaua CTTT i. 

T?.'2turn to S^ihm 20 and choose •seiotfaer 
a.*!=swer. 



Your answer in Section 20, 
k /dp dz\ Q 

^\dl dl) A 
is correct. For the case of a fluid of unif Dirm 
density and viscosity, the terms ft and p .are 
constants and may be combined with ite 
other constants in the problem to form a new 
constant, if, defined as 



kpQ 
. 

Usini? this Mew constant we na^ rewrite 
our eqi^tian in the form 

/.dp dz\ C 

\pi^ dl ) 

{continued (tm nr^r page) 
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QUESTION 

Keeping in mind that the term 1/pg is a 
constant, so tnat 

A- 

1 dp \pg/. 
Pfjdl dl 

which of the eQuations given below consti- 
tutes a valid expression of^the equation we 
have just obtained? 



Q ■ dh 
if — 

A dl 



Turn to Section: 

7 



Q 



dp dz\ 
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1=^ 



K ^ Level of saturation 



fU-tube packed with sand 



Outflow 



A idl dl) 

Q I I dp dh) 

— +— 30 

A \pg dl dl) 

h represents the head as defined in Part I — 
that is, 

P9 



Your answer in Section 7 is not correct. 
Ground water frequently discharges upward 
into stream valleys ; and in the figure,' upward 
flow occurs in the shorter arm of the U-tube. 
Thus statement (a) of Section 7 cannot 
always be true. 

Return to Section 7 and choose another 
answer. 



iSO): 



Your arswer in Section 28 is liot correct. 
We saw in Part I that hydraulic head, h, was 
given by 

P 

The derivative of /t^.^ith respect to distajice, 
I, is therefore given by 



dh 
dl 



P9 ^ 



dl 



Using this relation, return to Section 28 
and choose another answer. 
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Your answer in Section 8 is correct. The 
net force in the direction of flow is given by 
the difference between the two opposing 
forces exerted upon the opposite faces of the 
element by the adjacent elements of fluid. 
We may. now factor out the common term 
nA and obtain as our expression for net pres- 
sure force (Px— P=)wA, or —AjmA, where 
Ap indicates the small pressure difference, 
P:: — Pi. between the downstream face of the 
fluid element and the upstream face. 

Since pressure is varying from point to 
point within our system, we may speak of a 
pressure gradient; that is, a rate of change 
of pressure with distance, Z, along the flow 
path. This gradient might be expressed; for 
example, in pounds per square inch (of pres- 
sure) per foot (of distance) ; it is represented 
by the symbol dp/dl, and is referred to as the 
derivative of pressure with respect to dis- 
tance in the direction I. If we were to plot a 
graph of pressure versus distance, dp/dl 
would represent the slope of the graph. 

QUESTION 

Which ol^t^e following expressions is ap- 
proximately equivalent to the net pressure 




Pipe packed 
with Aand 



1 j Porosity = n 

t • 

Pressure=pj f 

T 

Pr€ssure=p2 
p2 — Px = Ap 



force, —ApnA, on our element of fluid 
(shown again in the diagram) ? 

'* 7-r Turn to Section: 

. dp 

—shiA 26 
dl 




6 



dl 



Ap — nA 14 
dl 
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Your answer, p-n''AZ-A\<7'sin y, in Section 
35 is not correct. We have already seen that 
tile magnitude of ; our force component is 
given by p-wAZ-A-gr-cos y. In the answer 
you have chosen, sin y has been substituted 
for cos y in our original expression — and this 
can be true only for a particular value of the 



angle y. It is true, however, that the idea of 
tliis question is to find an equivalent term for 
■ cos y and substitute it in our previous expres- 
sion for the force component. " 

Return to Section 35 and choose another 
answer. 
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Your answer in Section 15 is correct; we 
may resolve the gi'avitational force, into 
two -orthogonal components, fi and f„, parallel 
to and perpendicular to the axis of the pipe 
as shown in the figure- There is no movement 
perpendicular to the pipe; the component of 
the gi'avitational force\ in this direction is 




balanced ^ static forces exerted against the 
fluid element by the wall of the pipe. The 
componentparallel to the pipe does contrii^ute 
to the^mtSiion and must be taken into account* 
in equations describing the flow. ^ 

QUESTION 

The magnitude of the totai gravitational 
force upon the element is given by the mass 
of the element multiplied by the acceleration 
due to gravity; that is, Vg—mg, where m is 
the mass of the fluid element. Referring to 
the diagram shown, Which of the following 
expressions, gives the magnitude of the com- 
ponent of the gravitational force parallel to 
the axis of the pipe? 

Turn to Section: 

fi — p - n • aI • A ' 9 6 
fi^p • 71 • aI a • g * cos y 35 
fi^n - aZ * a • g ' t^ny 37 
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Your answer in Section 19, 
, _ 1 " Q> 

k aZ • n - A 
is not correct. Our assumptions were that the 
retarding force would be proportional in 
some way to the dynamic viscosity (fj.) , to the 
volume of fluid in the element (AZ-n-A), and 
to the specific discharge, or flow per unit area 
(0/A). Your answer represents the retard- 



ing force as proportional to the square of 
fluid discharge, which might be compatible 
with" the assumptions, but as inversely pro- 
portional to the volume of fluid in the ele- 
ment, which is not compatible with the 
assumptions. 

Return to Section 19 and choose another . 
answer. 
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Your answer, n-^l-A-g-cos in Section 
33 is correct:. T: mass of the .flru::/? eHement, 
as we have seext is p-n- si- A; TTnr:tipIic2ttioii 
by the atcceierat. an, g, gives tine i^^tail grra^^-- 
tationaJ force on the element. Hhe cormponenu: 
of this foj'ce pairallel to the pipe, as bidxcated 
by the vector diaigrram, will bef.ound ' '-^'^ rnulta- 
plying the total if orce by the cosine of >. 




! 



I / 
: ' / 

/ 




i 
I 




^ QUESnoN \ 

Suppose we^ow draw a small right tri- 
angle, taking the hypotenuse as aZ, the length' 
of our fluid element, and constructing the 
tvvo sides sz and Ax as in the diagram. Which 
of the following expressions may then be 
used: for the magnitude (without regard to 
sign ) of the component of gravitational force 
parallel to the flow? 

Turn to Section: 

p,'n- si • A ' 9 ^ sin y 32 
fj • n ■ A • 9 ■ \/(^^)'+ i^z)-; 4- 

n> ^ n ' si • A • g ' — 11 
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Your answer in Section , 20 m itiot correct. We may divide through by the term sl-n-A, 

If the sum of the two force: exnrcssffiions is set representing the volume of fluid in the ele- 

equal to zero, we have ment, and rearrange the resulting equation 

^dp dz\ to obtain the required result. 
— +p.gr— jUZ • n • A) 

dl dJL/ Rkum to Section 26 and choose another 

^ , 1 r\ answir- ^ 

^^(aZ • ?^ - A.)— =0. y ' 

k A 



( 
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Your answer in Section 33 is not correct. 
The -total gravitati6nal force on the element 
is„giyeR by vig, where vi is the mass of fluid 
iri^ the element and g is the acceleration due 
to gravity. The mass of fluid in the element 
is in turn given by the volume of fluid ip the 




element multiplied by the mass' per unit vol- 
ume, or mass density, of the fluid, which we 
have^ designated p. The volume of fluid in the 
element, as we have seen is ?i-aZ-A, where 
n is the porosity. The mass is therefore 
i^-n-AZ-A; and the total force of gravity on 
the fluid element is given by 

= p'n'^l-A'g. 
We require the component of this gravita- 
tional force parallel to the axis of the pipe. 
The sketch shows a vector diagram in which 
the length of each arrow is proportional to 
the force or component it represents. The 
gravitational force is represented by the 
arrow F,; and the components are represented 
by the arrows f/ and f„. The rule for the res- •' 
olution of a vector into components can be . 
visualized from ' geoTnetric considerations. 
The magnitude of the. component of a vectqr 
in a given direction is the product of the mag- 
nitude of the vector and the. cosine of the 
angle between the direction of the vector and 
the given direction. 

' Return to Section 33 and choose another 
answer. 
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Generalizations of Darcy's Law 



The form of Darcy's law considered in the 
preceding program is useful only for one- 
dimensional flow. The discussion in this sec- 
tion indicates, in general outline, the manner 
in which Darcy's law is expended to cover 
^ more complex situations. Vector notation is 
used for economy of presentation, and this 
discussibn is intended primarily for readers 
familiar, with this notation. Those concepts 
which are essential to material covered later 
in the program are treated again as they are 
required in the development — without the use 
-of vector notation. The material presented 
here not difficult, and readers not familiar 
with vector notation may find it possible- to 
follow the mathematics by reference to a 
standard text on vector analysis. However, 
those who prefer may simply read through 
this section for familiarity with qualitative 
aspects of the material and may then proceed 
.directly to Part III. 

For three-dimensional fl6w, we may con- 
sider the specific discharge, q or Q/A, to be 
a vector quantity, with" components iQ^* IQut 
' and k(7. in the three coordinate directions, 
i, j, and k represent the standard ^unit 
vectors of the Cartesian system. We consider, 
a small area. Ax, oriented at right angles to 
the X axis at a point 0, and observe the fluid 
discharge through this area to be Qxl the 
limiting value of the ratio Qx/Ax, as A, is 
made to shrink toward the. point 0, gives the 
value of q^e applicable at point 0. and 
are similarly defined for the y and 5: direc- 
tions. The specific discharge at point 0 is 
given by the vector sum 



Cr = — = i<7x + 3<7y + k(7.^. 
A 

q is thus a- vector point function; its ipagni- 



tude and direction may vary with location in 
steady flow and with location and time in 
unsteady flora 

If. the poiious medium is homogeneous and 
isotropic and if the fluid is of uniform density, 
and viscosity, the components of the specific- 
discharge vector are each given by a form of 
Darcy's law, utilizing the partial derivative 
of head with respect to distance in the direc- 
tion in question. That is, the components ar^. 
given by 



<7i/ = 



where /f is the hydraulic conductivity. 

It follows that the specific-discharge vectpr 
in this case will be given by 

\ -/f i_4- j — 4-k — 



or 



where V denotes the head-gradient vector. 

Thus, if the medium is isotropic and homo- 
geneous, —Kh constitutes a velocity poten- 
tial; and the various methods of potential 
theory, as applied in studying heat flow and 
electricity, may be utilized in studying the 
ground-water motion. Since the specific- 
discharge vector is colinear with y k, it will 
be oriented at right angles^to the surfaces of 
equal head, and flownet analysis imniediately 
suggests itself as a useful method of solving 
field problems. 



EKLC 
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In practice, one dceSyiiot usually find homo- 
geneous and isotropic -aquifers with which to 
work; frequently, however, simply for lack 
of more detailed data, aquifers are assumed 
to be homogeneous and isotropic in obtaining 
initial or approximate solutions to ground- 
water problems. 

The situation in many aquifers can be rep- 
resented more successfully by a slightly more 
general form of Darcy's law, in which a dif- 
ferent hydraulic conductivity is assigned to 
each of the coordinate directions. Darcy's law 
then takes the form 



V — 
31/ 



where ifx, Ky, and if^ represent the hydraulic 
conductivities in the x, y, and ;2 directions, 
respectively, and again 

This form of Darcy's law can be applied 
only to those anisotropic aquifers which are 
characterized by three principal axes of hy- 
draulic conductivity (or permeability) which 
are mutually orthogonal, so that the direction 
of maxin^um hydraulic conductivity is at 
right angles to the direction of minimum hy- 
draulic^conductivity. These axes must corres- 
pond wi til the X, 1/, and z axes used in the 
analysis. /The implication is that one of the 
principallaxes of conductivity must be ver- 
tical; for unless the z axis is taken in the 
vertical direction, the term 3/1/32 cannot be 
used to jrepresent the sum of the vertical 
pressure gradient and the gravitational force 
term. . 

It is easily demonstrated that the specific- 
discharge vector and the lines of flow are no 
longer orthogonal to the surfaces of equal 
head in this anistropic case, and that the 
conditions for the existemce of a velocity 
potential are no longer satisfied. Formal 
mathematical solutions to field problems are 
eissentially as easy to obtain as in the iso- 
tropic case, however, since a relatively simple 



transformation of scales can be introduced 
which converts the anisotropic system to an 
equivalent isotropic systeni (Muskat, 1937). 
The problem may then be solved in the 
equivalent isotropic system, and the solution 
retransformed to the original, anisotropic 
system. 

Probably the most common form of aniso- 
tropy encountered in the field is that exhib- 
ited by' stratified sedimentary material, in 
which the permeability or hydraulic conduc- 
tivity normal to the bedding is less than that 
parallel to the bedding. If the becjding is hori- 
zontal, the form of Darcy's law given above 
may be applied, using iiTx = Ky. The anisotropy 
in this case is two-dimensional, with the axis 
of minii^ium permeability normal to the bed- 
ding, and the axis of maximum permeability 
parallel to it. In many cases, aquifers, are 
assumed to exhibit simple two-dimensional 
anisotropy of this sort when in fact they are 
characterized by heterogeneous stratification 
and discrete alternations of ^ permeability. 
This type of simplifying assumption fre- 
quently enables one to objtaih an approximate 
solution, where otherwise ino solution at all 
would be possible. 

For many problems, however, this gen- 
eralized form of Darcy's law is itself inade- 
quate. As an example,' one may consider a 
stratified aquifer, exhibiting simple two- 
dimensional anisotropy, which is not hori- 
zontal, but rather is dipping at an appreciable 
angle. The direction of minimum permeabil- 
ity, normal to the bedding, does not in this 
case coincide with the vertical. One may 
choose new coordinate axes to conform to the 
new principal directions of conductivity. If 
this is done, the component of the specific dis- 
charge in each of these new coordinate direc- 
tions must be expressed in terms of the pres- 
sure gradient . in the difection'^concemed, and 
the component of the gravitational force.- in 
that direction. Reduction of the equations to 
the simple form already given, using the prin- 
cipal dir^^tional derivativeis of h, is not pos- 
sible. Alternatively, one may retain the hori- 
zontal-vertical coordinate system, in which 
case the principal axes of conductivity do not 
coincide with the coordinate axes. In this 
case, hydraulic conductivity must be ex- 
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pressed as a tensor; the component of the 
specific discharge in one coordinate direction 
will not depend solely on the head gradient in 
that direction, but upon the head gradients in 
the other coordinate directions as well. 

In addition to these considerations regard- 
ing aquifer anisotropy, practical problems 
require that attention be paid to heterogen- 
eity, both of the aquifer and of the fluid. If 
the aquifer is heterogeneous, hydraulic con- 
ductivity must be treated as a function of the 
space coordinates; in this case, hydraulic 
conductivity (or in some cases intrinsic 
permeability) is usually defined as a tensor 
which varies with position in the aquifer. 

If 'the fluid is - heterogeneous, its viscosity 
and density cannot be treated as cons'cants, 
as was done^n the program section of Part 
II. Equations cannot be reduced to terms of 
the hydraulic conductivity and head gradi- 
ents, but must rather be retained in terms of 
specific permeability, viscosity, pressure 
gradients, and components of the gravita- 
tional force (which depend upon fluid den- 
sity, and will vary with position, and possibly 
with time, as.fluid density varies). A special 
case of some importance is that in which the\ 
aquifer is horizontal, with principal axes of 
permeability in the a;, and z directions, but 



the fluid vai^ies in both\density and viscosity. 
Darcy's law if or this case may be written 



K dp 



dP 
-+ 




and again 

In these equations, /Cx, k^, and /c< are the 
intrinsic peinneabilities in the ^x, 2/, and z 
directions 'rW^v.: is the dynamic viscosity f unc- 
tiQu; pr^: is the density function; and the 
other terms are as previou;3iy defined. Since 
gravity is assumed to ha^e no components in 
the Horizontal plane, density does not enter 
in^^ the expressions fpr and q^. In natural 
aauifers, variations/in density are related 
primarily to variations in dissolved-solid con- 
tent of the water, while variations in vis- 
cosity are related primarily to variations of 
ground-water temperature. The equations 
given above^ thus have utility in situations 
where water'quality and water temperature 
are known to vary in an aquifer. 
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Darcy's law, as mentioned in the discussion 
at the close of Part II, may be generalized 
to deal with three-dimensional flows; and it 
may be combined with other laws or concepts 
to develop equations far relatively complex 
problems of ground-water hydraulics. Even 
in the simple form developed in the program 



of Part II, however, Darcy's law has direct 
application to many field problems. In Part 
III we shall consider a few examples of such 
direct application. Lfater, in Part V and VI, 
we will consider the combination of Darcy's 
law with other concepts to yield equations 
for more complex problems. 



la 



In Part II we pointed out that Darcy's law 
is a differential equation — that is, an equa- 
tion containing a derivative. It gives us some 
information about the rate at which head 
changes with distance, under given condi- 
tions of flow. In general, in dealing with 
ground-water problems, we will require ex- 
pressions that relate values of head, rather 
than the rate of .change of head, to flow con- 
ditions. To proceed, j^rom a differential equa- 
tion, describing the rate of change of head, 
to an algebraic equation giving values of 
head, is to obtain a solution to the differential 
equation. There are various techniques for 
doing this. We need not go into these tech- 
niques of solution here, For our purposes, it 
will be sufficient if we can recognize a solu- 
tion when we are given one — -that is, if we 
can test an algebraic equation to determine 
whether it is a solution to a given differential 
equation*. This is just a matter of differentia- 
tion. When we wish to know whether an 
algebraic equation is a solution to a differ- 



ential equation, we may. simply differentiate 
the algebraic equation. If we obtain a resiult 
which is equivalent to the given differential 
equation, then the algebraic equation is a 
solution to the differential equation. Should 
we fail to obtain ah equivalent result, the 
" algebraic equation is not a solution. Thus, for 
our present purposes at least, we may con- 
sider k\solution to a differential equation to 
be an allijebraic equation which, when differ- 
entiated,^ will yield the giyen differential 
equation. \ ' . 

\ r - QUESTION 

Which of the following algebraic equations 
is a solution to the differential equation 

dy 
dx 

Turn 1o Section: 

y^Kx^ 15 
x^2y'¥K 23 
y^Kx-^^ 7. 
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Your answer in Section 35, 

dh _ Q 
d(lnr) 2rrKb' 

is correct. This equation is equivalent to the 
original differentia;l equation for the problem 
and states that the rate of change of hy- 
draulic head, with refspect to change in the 
natural logarithm of radial distance, is con- 
stant and equal to 

Q 



QUESTION 

Suppose we were to plot a graph of hy- 
draulic head versus the natural log of radial 
distance from the well, in our discharging 
well problem. Which of the following state- 
ments would apply to this graph? 

Turn to Section: 

(a) The plot would become progres- 

sively steeper with decreasing 
values of In r — ^that is, as the 
well is approached. 18 

(b) Equal changes in head would be 

observed over intervals repre- 
senting equal changes in r. 81 

(c) The plot would be a straight line. 38 



□ 3 



_Your answer in Section; 19 is correct. If 
the head in the well (an^ throughout the 
aquifer) prior to pumping is equal to het the ' 
term fee- /i« is actuallr the^drawdown in the 
pumping well (assuming ihat there are no 
additional losses in head aaaociated with flow 
through the well scream, or within the well 
itself). Thus the equation in your answer 
allows us to predict the drawdown associated 
with any discharge, Q. Alternatively, the ' 
equation can be viewed as a method of cal- 
culating the hydraulic conduc^vity, K, of thT" 
aquifer on the basis of field measurements of 
Q and he—hu^, or on the basis of head meas- 
urements at any arbitrary radiiV fi and rg, 
using observation, wells. The theory of steady- 
state flow to a well as developed here is often 
referred to as the Thiem theory, after G. . 
Thiem, who contributed to its development 
(Thiem, 1906). ' 

While it would not be common, in practice, 
to find a well conveniently located at the cen- 
ter of a circular island, the example is a 
very useful one. The hydraulic oi>eration of 
any well is similar, in many important re- 
spects, to that of the well on the island. In 



particular, the decrease in cross»^ec&ms3i 
area of flow as the well is approadmS^ lead- 
ing to the logarithmic "cone of depiBBagion" 
in the potentiometric surface, is a Jarare of 
every discharging well problem. It isTzn- fact 
the dominant feature of such problems, since 
the head losses close to the well, within this 
"cone of depression" are normally the largest 
head losses associated with the operation of 
a welL The -radial symmetry assumed in the 
Thiem analysis usually prevails, at least in 
the area close to the well, in most discharging 
well problems. 

Jleaders familiar with * differential equa- 
tions will note that the equations of radia! 
flow developed here can be obtained more 
directly by separating Vjariables in the differ- 
ential equation * 

Q dh ' ^ 

^K—. 

.27r&r dr- 

and integrating between the limiits n and rj, 
or rtc and r-. That is, these radial-flow equa- 
tions, which state that head will vary with, 
the logarithm of radial distance, are ac- . 
tually solutions to this differential equa- 
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tion; if they are differentiated with respect 
to r, the differential equation is obtained. 
Again readers familiar \yith the general con- 
cepts of potential theori^ will recognize the 
pattern of head loss around the well as an 
example of the ''logarithmic potential" asso- 



ciated with potential-flow problems involving 
cylindrical symmetry in other branches of 
physics. 

You have completed Part III. You may go 
on to Part IV. 



4n 



Your answer in Section 9, 
2Q 

h = hi,— X 

Kw 

is not correct. If we differentiate this equa- 
tion, treating /t„ as a constant, we obtain the 
result 



veloped for the problem. Keep in mind that in 
order to find a solution to the differential 
equation 



2Q 



dh 



2Q 



cix Kiv 

which is ndriiie differential equation v ^ de- 



da; Kw 
we must find an expression which will yield 
this equation upon differentiation. 

Return to Section 9 and choose another 
answer. 



5d 



Your answer in Section 8 is not correct. The 
differential equation tells us that any solution 
we obtain, giving /t as a function of x, must 
be such that the derivative of h with respect 
to Xy dh/dx is a constant, - {Q/KA). Thus 
we know that (1) since the derivative is a 
constant (does not involve a:), the plot of 
h versus x for any solution must have a con- 
stant slope — ^that is, the plot must be a 
straight line; and (2) since the constant has 



the same value for any solution, the graphs 
of different or distinct solutions must all have 
the same slope — that is, these plots must be^ 
parallel straight lines. A family of curves all 
intersecting the x axis at a common point, as 
in the answer which you chose, could not 
have these characteristics. 

Return to Section 8 and choose another 
answer. 
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Your answer in Section 41 is not ccrrect. 
The direction of flow in this problem is 
radial, toward the well as an axis. The cross- 
sectional area of flow must be taken at right 
angles to this radial flow direction; that is, it 
must be a cylindrical surface within the aqui- 
fer having, the centerline of the well as itS' 



axis. At a radial distance r from the well, the 
cross-sectidnal area of flow will be the area 
of a cylindrical surface of radius r and .of 
height equal to the thickness of the aquifer. 

Return to Section 41 and select another 
answer. 
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Your answer, y — Kx-^-b, in Section 1 is cor- 
rect; of the three expressions given, it is the 
only one which yields dy/dx^K upon differ-, 
entiation. However, y^Kx-^5 is obviously 
not the only equation which will give this 
result upon differentiation. For example, dif- 
ferentiation of the equations y—Kx-^ly 
y^Kx-S, or y^Kx will also yield dy/dx-K. 
The constant term which is added or mh- 
tracted on the right does not affect the differ- 
entiation .'egardles? of the value of the con- 
stant, the derivative of y wrth respect to x 
always turns out to be K, Since we have an 
infinite choice of ?-onstants to add or sub- 
tract, there artt ain in^nite aumber of alge- 
braic equations which qualify as solutions to 
our differential eq::iation. This is a general 
characteristic of differential equations— the 
solutions to a diffej^tial equation a^e always 
infinite in number. 

QUESTION 

Given the following iJiree algebraic equa- 
tions relating head, to distance, x. 



Q 

(a) h-=-—x 

KA . 

Q 

(b) h^ho X 

KA 

Q 

(c) h^ho a;= + 7 

KA 



where ho, Q, K, and A are constants; which 
of the equations are solutions to the differ^ 
ential equation 



Q dh 
—^^K—1 
A dx 



all three 
only (a) 

(a) and (b) but not (c) 



Turn to S«<lion; 

29 
14 
8 
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Your answer in Section 7 is correct. Either 
(a) or (b), when differentiated and re- 
arranged, will yield the equation 
Q dh 

A dx 

Differentiation of (c) leads to an entirely 
different equation. . 

In the preceding example, the algebraic 
equations deal with values of hydraulic head, 
h, at various distances from some reference 
point; while the differential equation deals 
with the rate of change of head with distance. 
The differential equation is, of course, 
Darcy's law and states that if head is plotted 
versus distance, the slope of the plot will be 
constant — ^thatis, the graph will be a straight 




a:==0 
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line. The graphs of equations (a) and (b) of 
Section 7 are shown in the diagrram. Each is 
a straig-ht line having a slope equal to 

the intercept of equation (a) on the h axis 
is h^Ot while the intercept of equa±ion (b) 
oh the h axis is hr^-ho. These intercepts give 
the values of h at :r = 0; they provide the 
reference points from which changes in h 
are measured. 

QUESTION 

If we were to graph all possible solutions 
to the differential equation 

\ • dh Q 

dx KA 
the result would be: 



Turn to Section: 



A family of curves, infinite in number, 
each intersecting the a; axis at 

. Q 



An infinite number of parallel straight 
lines, all having a slope 

_ Q 

KA' 

and distinguished by different inter- 
cepts on the x — 0 axis} 
A finite number of parallel straight 
lines, all having a slope 

KA 

which intersect the a; = 0 axis at 
various positive values of /i. 20 



10 
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Your answer in Section 25, 

dh 

. dx 

is correct. From the rules of clifFerentiation, 
the derivative of h' with respect to x is 
given by 

d{h') dh 

~=2/i— . 

'dx dx 

Therefore, substituting \ 

IdUi') \ 



2. dx 

for h{dh/dx) in the equation 

. dh 
Q^-Kwh~ 
dx 

and rearranging, we have 

d(h^) -2Q 

dx Kw 



In this rearranged form, the differential 
equation states that the derivative of h^ with 
respect to x must equal the constant tetTn 

-2Q 



Kw 



QUESTION 

Which of the following expressions, when 
differentiated,, yields the above form of /the 
differential equation— that is, which of the 
following expressions constitutes a solution 
to the differential equation? {ho is a constant, 
representing the value of h at a; = 0,) 

Turn to Section: 

2Q 

h^ = ho' ■ 16 

Kw 

2Q 

h^^ho'— X 41 



h = ho — 
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2Q 

X 

Kw 
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Your answer in Section 8 is correct. Any- 
straight line having the slope 

KA 

will be the graph of absolution to the differ- 
ential equation 

dh Q 

Tx^ 'ka 

There are an infinite number of lines which 
may have this slope, corresponding to the 
infinite number of solutions to the diflferential 
equation. 

The figure 'shows a confined aquifer of 
thickness 6. The aquifer is completely cut by 
a stream, and seepage occurs from the stream 
into the aquifer. The stream level stands at 
an elevatioivfeo above the head datum, which 
is an arbitrarily chosen level surface. The 
direction at right anglos to the stream is de- 
noted the X direction, and we take a: (f at 
the edge of the stream. We assume liiat the 
system is in steady state, so that no changes 
occur with time. Along a reach o(f the stream 
having length the total rate of seepage 
loss from the stream (in, say, cubic feet per 
second) is denoted 2Q. We assume that half 
of this seepage occurs through the right bank 
of the stream, and thus enters the. part of the 
aquifer shown in our sketch. This seepage 
then moves away from the stream in a steady 
flow along the x direction. The resulting dis- 
tribution of" hydraulic head within the 
aquifer is indicated by the dashed line 
marked "potentiometric surface*' in the 
sketch. This surface, sometimes referred to 
as the "piezometric surface/' actually traces 
the static water levels in wells or pipes tap- 
ping the aquifer at various points. The dif- 
erential equation applicable to this problem 
is obtained by applying jDarcy's law to the 




flow, Q, across the cross-sectional area, hw, 
and may be written 

dh -Q 



dx Khw 

where K is the hydnraaxlic conductivity of tfefj 
aqiiifa-. The head fishribution — ^that is, iiie 
potentiometric s\xrtws& — is described by oti.e 
of the solutions to tiiis differential eauatian. 
In addition to satisfsdng the differentials equa- 
tion, the required solution must yieM the 
correct value oth at:the edge of the scream — 
thar is, at x—O. 

^ QUESTION 

Which of the following expressions gives 
the particular solution ^(to the above differ- 
ential equation) which applies to theaprob- 
lem' (described in this section? 

Turn to iScction: 

Q 

h = X 22 



Khw 
h=2Q~- 



Q 



h=hn- — 



Kbw 
Q 

X 

Kwb 



86 
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Your answer in Section 27 is not correct. 
The decrease in radius does not compensate 
for the decrease in cross-sectional area ; it is, 
rather, the caMse of this decrease in cross- 
sectional area, 'he decreasing cross-sectional 
area, along the {. th of flow, is a fundamental 



characteristic of the problem we are con- 
sidering. It has a major — in fact, dominant — 
effect upon the solution to the problem. 

Return to Section 27 and choose another 
answer. > 



12 a 



Your answer in Section 41 is not correct. 
The flow of water is directed radially inward 
toward the well. Any cross-sectional area of 
flow, taken normal to this radial direction of 
movement, would be a cylindrical surface in 
the aquifer, having the centerline of 'the well 



as its axis. The area of flow at a radial dis- 
tance r from the well would thus be the area 
of a cylindrical surface of radius r, having a 
height equal to the thickness of the aquifer. 

Return to Section 41 and choose another 
answer., 



13 o 



Yonr answer in Section 35, 
dh Q 



(In r)_=- 



dr 2nKh 

is not correct. The differential equation ^s 
given in Section 35 was 
dh Q 

dr 27rKh 

In your answer. In v has simply been sub- 



stituted for r. This is obviously not what we 
want; In r is not equal to r/The relations 
given in Section 35 can be used to obtain ah 
expression which is equivalent to d/t/dr. This 
expression can then be substituted for dh/dr 
in the above differential equation bo obtain 
the required result. 

Return to Section 35 and choose another 
answer. 
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Your answer in Section 7 is hot correct. 
It is true that expression (a) , 



yields the result 



dh 



KA 



Q 



dx KA 



upon differentiation and is thus a solution to 
the giyen equation. However, it is not the 
only ohe of the given expressions which 
yields me required result upon differentia- 
tion. ^ 

Return to Section 7 and test the remaining 
expressions-, by differentiation, in order to 
find the correct answer. 
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Your answer, y^Kx^, in Section 1 is not 
correct. If we differentiate the equation 
y—Kx'f we obtain 

dy 
dx 

-which is not the differential equation with 
which we started. Our differential equation 
was 



□ 15- 



I dy 

. — 
dx 

and we are looking for a solution to this 
differential equation — ^that is, we are looking 
for an algebraic expression which, when dif- 
ferentiated, will produce . the differential 

equation {dy/dx)=^K, . ~ 

Return to Section ! and test the remaining 
choices, by differentiating them, to see^.which 
will yield the given differential equation. 
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Your answer in Sectibn 9, 
2Q 

h- = ho'' a;=, 

Kw 



/ 



is not correct. If we differentiate this an- 
swer, treating ho^ as a constant, we obtain 

d(h^) 2Q 



2x, 



dx Kw 
since the derivative of x^ with respect to x 



is 2x. This result is not the differential equa- 
tion with which we started, so the equation 
of your answer is not the solution we require.: 
Return to Section 9 and choose another 
answer.^Keep in mind that the equation you 
select must yield the result 



dx Kw 
when it is differentiated. 



-uI7 



Your answer in Section 40, 

Q d(k^) 
.-if— 1, 



27rr& dr 
is not correct. Darcy's law states that flow, 
divided by cross-sectional area, must be pro- 
portional to the head gradient. Your answer 



states that flow, divided by cross-sectional 
area, is proportional to the gradient of the 
square of head. Thus it cannot be a valid 
application of Darcy's law to the problem. 

Return to Section 40 iand choose another 
answer. 



□ 18 



Your answer in Section 2 is not correct. 
The equation in Section 2 states that the de- 
rivative of head with respect to In r is a con- 
stant. This derivative is simply the slope of 
a plot of h versus In r. If such a plot changes 



slope, as in the answer yoirchose, the deriva- 
tive cannot be constant. 

Return to Section 2 and^choose another 
answer. 
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. Your answer in Section 38 is correct; inas- 
much as log r changes by the same amount 
between 10 and 1 it does between 1,000 
and 100, the head changes by the same 
amount in these two intervals. If we were to 
replot head directly versus radius, r, rather 
than versus log r, we would no longer have a 
straight line, but rather .a "logarithmic" 
curve, as shown in the sketch. The gradient 
becomes progressively steeper as we ap- 
proach the well, to compensate for the de- 
creasing cross-sectional area of flow. This 
logarithmic pattern of head decline is some- 
times referred to as the "cone of depression" 
in the pqtentiometric surface around the well. 

QUESTION 

The equation obtained in Section 38 can be 
' applied between the radius of the island, r«, 
and the radius of the well, r^, to obtain an 
expression for the head difference between 
the well and edge of the island. If he repre- 
sents the head at the edge of the island (that 
is, the level of the open \?ater surrounding 
the island) and hw represents the head in the 



100 



1,000 



Arithmetic scale 



well which of the following expressions 
would result from this procedure? 

V Turn fo Section: 

2.3Q Tyo 

hr-hu,'^ ^log~ 28 

27rKb Te ■ . ~ 

2.3Q r, 

he-hto"^ log— S 

27TKb . 



he hic — * 



2.3Q 

27rii:6 



(log r,o~log n) 



SO 
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Your answer in Section 8 is not correct. If \ 
we were to write the solution to the equation 
Q dh 

— 

A dx 

in the most general form, we would write 
Q 

fl—-^ X-hC 

KA 

where c could represent any constant term 
we wish. No matter what value 'we assign c, 
so long as it is constant (not dependent on 
x) its derivative with respect to x will, be 
zero. Thus regardless of the value of c, differ- 
entiation will yield the result 
dh^^Q 

dx KA 



which is equivalent to our given differential 
equation. Clearly we can assign an infinite 
number of values to .the term c,; and obtain 
an infinite number of distinct equations 
(solutions) which we can differentiate to 
obtain our differential equation. Each , of 
these solutions is the equation of a straiight 
line; that is, each has a slope, dh/dXy equal 
to -{Q/KA), aiid each has a distinct inter- 
cept on the h axis, where .x*=0. This inter- 
cept is simply the value of the constant c, 
since if we set fl; = 0 in the solution we obtain 
= 

Return to Section 8 and choose another 
answer. 
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Your answer in Section 24 is not correct. 
According to Darcy's law, the specific dis- 
charge, QM, is given by 

Q dh 
A dx ' 

If the specific^' discharge increases as the - 
stream is approached, the head gradient 
dh/dx must also increase — ^that i3, become 



steeper — as the stream is approached. A plot 
of h versus distance would thus be some sort 
6f curve. In the statement ^f the problem in 
Section 24, however, head was described as 
increasing linearly with distance away fram 
the stream. Since head increases in a linear 
fashion, dh/dx is constant. 

Return to Section 24 and choose another 
answer. 
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Your answer in Section 10, 

h^'-. ^ x, 
Kbw 



IS not correct. It is tru^ that differentiation 
of thi^ 



equation yields the result 
dh Q 




dx Kbiv 

which is oih: given differential equation ; but 
this in itselfXis not enough to make it;the 
answer to our^problem. If Sve set x equal to 
zero in the expression 

h — X, 

Kwb 

we obtain the re^sult That is, this equa- 
tion says that wliare x is zero, at Che edge of 
the stream, hydraulic head is also zero. Ac- 



cording to the statement of our problem, 
however, ^ead is equal to h^, the elevation of 
tl\e strearii surface above datum, at 0. The 
solution which we require must not only have 
the property of yielding the given differen- 
tial equation -• ' 

dh^ Q 

dx Kbw 

when it. is differentiated; it must also have 
the property that when x is set equal to zero 
in the solution, hydraulic head will be ho* 
This is an example of what is meant by a 
boundary condition; the solution must satisfy 
a certain condition (h^ho) along a certain 
boundary (x = 0) of the problem. 

Return to Section 10 and choose another 
answer. ^ 
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Your answer, x^2y-^K, in Section 1 is not 
correct. We can rearrange the equation you 
selected as follo\^s 

K 

y^Vox—. 
i 2 

Now if we differentiate this equation, we 
obtain 

dy 

— 

dx 

which is not the differential equation with 



which we started. We were asked to find a 
solution to the differentiial equation 



dy 
dx 



that is, we were*asked to find an algebraic 
equation which, when differentiated, would 
yield the result dy/dx^K. 

Return to^ Section 1 and test, the remaining 
answers by differentiation, to see which one 
satisfies this condition. 
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Your answer in Section 10, 

h-^lu,- .r . 

Kbw 

is correct. The differential equation tells us 
that a plot of h versus x will be a straight 
line with slope 

Q 



Khxo 



.'hile from the other information given, we 
know that ai^5- = 0, h is equal to K. Thus, to 
describe h as a fimction of .x we require the 
equation of a straight line, wifh as the, 
intercept and -(Q/Khro) as the slope. We 
can make two tests to verify that we have 
obtained the correct solution; first, vve'Tnay, 
differentiate the solution with respect to x, 
to see whether we obtain the differential 
equation; second, we may let x equal 0 in the 
solution to see whether the condition that h 
is /zo at a:* = 0 is satisfied. Only if our equation 
meets both of these tests is it the solution we 
require. The condition that h must be K at 
x = Q is an example- of what is commonly 
termed a 'boundary condition; it is a condi- 
tion which states that h must have a certain- 
value along one or another of the boundaries 
of our problem. The differential equation, 
dh Q 



dx Kbw 

"is in itself insufficient to define head as a 
function of x. It establishes that the graph of 
h versus x will be a straight line with slope 

Q 



Kb7o 



but there are an infinite number of such 
straight lines which we might draw'. The 
additional information given by the boundary 
condition — that /i must be K at x = 0 — ^per- 
^its us to pick out the particular straight 
line we require, by giving us its intercept. A 
boundary condition is thus a bit of informa- 
tion on the value of head at a known point; 
it provides a reference from which the 
changes in head indicated by a differential 
equation may be measured. The processes of 
(1) differentiation to establish that' a given 
equation is a solution to a differential equa- 
tion and (2) application of boundary condi- 
tions to establish that it is the particular 
solution that we require may be applied to 
problems muc h more complex than the one 
we have considered here. 



QUESTION 

Suppose that, in measuring observation 
wells tapping a confined aquifer, we observe 
a linear incVease in head with distance away 
from a stream or channel, which cuts com- 
pletely through the aquifer; and suppose 
this pattern remains unchanged through a 
considerable , period of time. Which of the 
following conclusions could we logically draw/ 
on the basis of this evidence ?^ 

Turn to Section: 

There is no flow within the aquifer. 42 
There is a steady flow through the 

aquifer into the stream. 25 
A flow which increases in specific dis- 
charge as one approaches the 
stream occurs in the aquifer. . . 21 



25 a 



Your answer in Section 24 is correct. This 
serves to illustrate the dual utility of flow 
equations in ground-water hydraulics— they 
enable us to predict the head distributions 
associated with various conditions of flow 
and they enable us to draw conclusions re- 
garding ground-water flow on the basis of 
head distributions observed in the field. 



Suppose we now consider an aquifer in 
which the flow is unconfined, so that the 
upper limit of the flow system at any point 
is the water surface, or water table, itself. 
Again we consider uniform flow away from 
a stream, as shown in the diagram.^ It is con- 
venient in this case to take the base of the 
unconfined aquifer as our head datum. We 
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Impervious material 



assume that vertical components of flow are 
negligible. This assumption is never wholly 
satisfied, as movement cannot be entirely 
lateral in and near the free surface, owing to 
the slope of the surface itself. Frequently, 
however, the vertical velocity component is 
slight compared to the lateral and therefore 
can be neglected, as we are doing here. An 
important difference between this problem 
and the confined-flow problem is that here the 
cross-sectional area .of flow diminishes along 
the path of flow, as /i decreases, whereas in 
the confined problem it. remains constant.. 



Along a reach of the stream having a length 
seepage into the aquifer occurs at a rate 
2Q ; and we assume that half of this seepage 
moves to the right, into the iUrt of the 
aquifer shown in the sketch. 

QUESTION 

According to the assumptions outlined 
above, which of the following relations is 
obtained by applying Darcy's law to this 
problem? 

Turn to Section: 

26 
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dh 


Q = 


— Kxiv — 


. dx 


Q 


dh 


= -K— 


hw 


dx 




dh 


Q = 


—Kwh — 




dx 
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Your answer in Section 25, 

dh 

dx 

is not correct. Darcy's law states that the 
flow is the product of the hydraulic conduc- 
tivity, the cross-sectional area of flow, and 
the (negative) head gradient. Referring to 



the diagram of Section 25, the cross-sectional 
area of the flow — that is, the cross-sectional, 
area taken at right angles to the direction of 
movement — can be seen to be equal to wh. 
In the answer which you chose, the term xw 
appears as the area of flow. 

Return to Section 25 and choose another 
answer. 



□ 27 




Your answer, 27rr&, in Section 41 is correct. 
The flow is radially inward in the* (negative) 
r direction — that is, parallel to the r^xis of 



polar coordinates. The cross-sectional area of 
flow is a surface which is everywhere normal 
to this direction of, flow; hence it is a cylin- 
drical surface, and its area is given by the 
expression for the area of a cylinder. 

As we proceed inward along the path of 
flow in this problem, the cylindrical area of 
flow becomes smaller and smaller, as illus- 
trated in the sketch. This is also , evident from 
our expression for the cross-sectional area, 
which tells us that as r decreases, the area 
must decrease. 



\ 
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Which of the following statements is cor- 
rect? ' 



Turn to Section: 

(a) Although cross-sectional area is 
decreasing, is also de- 

creasing. These factors com- 
bine in such a way that the 
hydraulic gradient remains 
constant. 11 



(b) Cross-sectional area decreases 
along the path of flow, while 
discharge remains constant ; 
therefore, the hydraulic gradi- 
ent must increase along the 
path of flow. ^ » 40 

-ic} Cross-sectional area of flow de- 
creases along the patih of flow, 
but this is offset 'by conver- 
gence of the 'flowlines toward 
the well, and no increase in the 
hydraulic gradient occurs. 32 
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Your answer in Section 19, 

2.3Q r«, 

//^ = log — , 

ZrzKb ?V 

is not correct. If wej let hr and ?v be repre- 
sented by and r^, a,nd if we let and r^, 
be represented by h, jand ?•,, your answer can 
be restated in the fon::i 
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2.3Q n 

h'^-hx log — . 

Comparison with the equations in Section 38 
will show that this is not the form which we 
require. 

Return to Section 19 and choose another 
answer. 



Your answer in Section 7 is not correct. 
The given differential equation 
Q dh 

A dx ' 
can be rearranged to 

/ dh Q 
dx KA 

In order for all three of the given expres- 
sions to be solutions to this equation, all 
three would have to yield - (Q/KA) as the 
derivative of with respect to x. But if we 
differentiate expression (c), for example, 
which was 



Q 

h ^n^, x'/^i. 



we obtain 



dh -2Q 



dx\^ KA 

. . \ 1 

which is not the given\ differential equation. 

Thus we can see that at least expression (c) 

does not satisfy the given\equatLon. 

Return to Section 7 and test the remaining 

expressions, by differentiation, in order to 

find the correct answer. \ 
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Your answer in Section 19, 
2.3Q 

h,-Ji,r=--- (log -log >v), 

2-Kb 

is not correct. The term log ?v will obviously 
be greater than log ?v, since n is much 
greater than ?v. Thus the expression on the 



right in your answer will be negative, imply- 
ing that hw is greater than he. This does not 
make sense; the head in a discharging well 
cannot be greater than the hea d at the radius 
of influence of the well. 

Return to Section 19 and choose another 
answer. 



o31 



Your answer in Section 2 is not correct. 
If equal changes in head were observed over 
intervals representing equal changes in r, 
we could write 

— constant 

where is the change in head which is 
always observed over any interval of radial 
width M'. In derivative form this would-be 



dh 

— = constant, 
dr 

and this is not the condition which has been 
shown to apply to this problem. The condition 
our plot must satisfy, rather, is ' 
dh 

— = constant. 

rf(ln r) 

Return to Section 2 and choose anotlier 
answer. 



Your answer in Section 27 Is nbt correct; 
The convergence of flowlines ipw^rd the we? 
does not compensate for the dW^seji^^w 
area; it is, rather, caused by this^Secrease in 
flow area. The decrease in flow area as the 
well is approached is a fundamental charac- 
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teristic of the discharging well problem; in 
effect the decreasing flow area has a dominant 
influence on the form of the head distribution 
around the well. 

Return to Section 27 and select another 
answer. 
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Your answer in Section 40, 
Q dh 

A 

is not correct. The a; coordinate was not used 
in our analysis of this problem; we did not 



set up an x axis along which head could vary. 
The 'answer which you selected involves a 
derivative of head with respect to x and thus 
cannot apply to our problem. 

Return to Section 40 and choose another 
answer. 



/ 
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Your answer in Section 38 is not correct. 
The equation 

2.3Q n 

. leg — 

indicates that if the ratio r,/r, — ^that is, the 
ratio of the outer radius to the inner radius — 



is the same for t\vo different inter^'als, then 
the head drops across those intervals must be 
equal. For the two intervals mentioned in the 
answer which you chose, these ratios are 
10/1 and 1000/100. 

Return to Section 38 and choose another 
answer. 
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Your answer in Section 40 is correct. The 
hydraulic gradient here is dh/dr, since flow 
is in the r direction. We assume radial sjan- 
metry around the well, so that the angular 
polar coordinate, 0, need not appear at all. 
We now rewrite the equation which you se- 
lected in the form : , 

dh Q 



d(lnr) 1 
r 



dr 



QUESTION 



dr 2^Kb 

and we focus our attention for a moment on 
the left-hand member. According to the rules 
of differentiation we may write: 
I dh dh d(In r) 



Using these expressions, which of the fol- 
lowing may be obtained as a correct restate- 
ment of the differential equation for the 
problem ? 



dh Q(\nr) 
dr 



dr d(lnr) dr 
where In r denotes the natural logarithm of 
r; and we may recall from introductory cal- 
. culusjthat the derivative of In r vdth respect 
to r is given by 



27rKb 

dh Q 



Turn to Section: 

39 



d(\nr) 2xKh 

dh Q 
(In r) — =- 



dr 2^Kh 



13 
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Your answer in Section 10, 

Q 

r, 

Kv)b 

is not correct. This answer is indeed a solu- 
tion to our differential equation, for when we 
differentiate it we obtain the differential 
equation 

dh Q , 



dx Kbiv 
However, if we set x equal to zero in the 
answier which you chose, we find that hy- 
draulic head, h, is equal to 2Q at the point 
where x is zero — ^that is, at the edge of the 



stream. In the discussion of Section 10, how- 
evei-, it was stated that hydraulic head was 
equal to ho at the edge of the stream — K 
beini^' the elevation of the stream surface 
above datum. This problem illustrates what 
is meant by the term boundary condition; 
the solution must satisfy a condition along 
one boundary (h^ho at x^O) in addition to 
satisfying the given differential equation. 
There are ah infinite number of passible solu- 
tions to the above differential equation, but 
only one which satisfies this required bound-' 
ary condition. 

Return to Section 10 and choose another 
answer- 
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Your answer in Section 38 is not correct. 
If the equation 

2.3Q /r= 

/i,-7i.= log - 

27TKb \i 

is applied to the two intervals in question, 
we have 

2.3Q /10\ 2.3Q 

fe.o-A,= log — =— T 

2rrf:b \ 1 / 2^Kb 

and. 



□ 37 



2.3Q /100\ 2.3Q 
/iioo~/iio= log — - — r"7;T 

2^Kb V 10 / 27r/C6 



1. 



Return to Section 38 and choose another 
answer. 
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Your answer in Section 2 is correct. The 
equation states that the derivative of h with 
respect to In r is a constant. Thus a graph of 
h versus hi r will be a straight line, which 
will have a slope equal to 



Q 



2^Kh 



The sketch shows such a graph. As In r 
changes from In r, to In head decreases 
from tohi \ and as with any straight line 
function, the change in head can be obtained 
by multiplying the change in the independent 
variable by the slope of the line; that is, 



Q 



2^Kb 



-(In r^-ln r,). 




In ri 



In ra 



m r 




10 TOS 1,000 
Logarithmic scale 

This can be written in the equivalent form 

Q r2 
h-^-h,^ log — 

inasmuch as the difference between In and 
In r, is simply the log of the quotient 
In (rz/rO. At this point it is convenient to 
change from, natural logs to common logs. 
This involves only .multiplication by a con- 
stantr-that is In r=2.3 log r, where log r 
denotes the common logarithm, or log to the 
base 10. Making this change, our equation 
takes the form 



2.8Q 

7i2-/ii= -log 

2TrKh 



IS) ^ 



or 



2.3Q , 
h..-h,= (log r, - log rl ) , 



Again a graph can be plotted ot^h versus 
log r— or, to do the same thing more con- 
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veniently, a graph can be plotted of h versus 
r on semilog paper, as shown in the sketch. 
Since we have only multiplied by a constant, 
the graph remains a straight line. 



QUESTION 

On the basis of the graph shown in the 
figure and the equations given above, which 
of the following statements is correct? 
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Turn to Section: 

(a) The head drop between r^lO and 

r^l is equal to that between 

r= 1,000 and r=100. 19 

(b) The head drop between r«10 and 

r=l is less than that between 

r= 1,000 and r=100. 34 

(c) The head drop between r«10 and 

r=l is much greater than that 
between r=100 and r==10. 37 



Your answer in Section 35, 
dh Q(In r) 



dr 2i:Kb 

is not correct. The following relations were 
given in Section 35 : 

dh dh d(lnr) 



and 



c^(Inr) dr 
d(lnr) 1 



dr r 



Combining these, 

40 a — 



dh 1 



dh 



dr- r d(ln r) 
In the question of Section 35, the ides is 
to substitute the term 



dh 



for the term 



d{ln r) 



dh 
dr 



in the differential equation for our problem. 

Return to Section 35 and choose another 
answer. 
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Your answer in Section 27 is correct. The 
decrease in cross-sectional area must, accord- 
ing to Darcy's law, be accompanied by a 
steepening of the hydraulic gradient When 
we apply Darcy's law to this problem, we will 
omit the customary negative sign. This is 
done because Q, the well discharge, must 
itself carry a negative sign in this problem, 
since it is oriented toward the well, in the 
direction of decreasing values of r. The nega- 
tive sign on Q combines with the negative 
sign used by convention in Darcy's law to 
yield an equation in positive terms* 



QUESTION 

Which of the following expressions is a 
valid application of Darcy*s law to this- prob- 
lem, and hence a valid differential equation 
for the problem? 

Turn to S«cfbn: 

Q dh 

—=K~- 33 
A dx 

Q dh 
35 

2-nrb dr 



Q 
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d{h') 



dr 
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Your answer in Section 9, 
2Q 



K2V 



is correct. The solution indicates that h will 
have the form of a parabola when plotted 
versus x in this case. The parabolic steepen- 
ing: of the hydraiilic gradient compensates 
for the progressive decrease in flow area, in 
such a way that Darcy's law is always satis- 
fied. This approximate theory of unconfined 
flow wa'^j introduced by Dupuit (1863) and 
the assumptions involved in it are frequently 
referred to as the Dupuit assumptions. If 
the method is used in cases where these 
assumptions do not apply, serious errors can 
be introduced. 



open waUt 



We next consider another problem in 
which the cross-sectional area of flow dimin- 
ishes along the path of flow, leading to a 
progressive steepening of the hydraulic 
gradient. In this case, however, the decrease 
in area is generated by cylindrical geometry 
rather than by the slope of a free surface. 

The figure shows a well located at the cen- 
ter of a circular island. The well taps a con- 
fined aquifer which is recharged by the open 
water around the perimeter of the island. 
During pumping, water flows radially inward 
toward the well. 'We assume that the open 
water around the island maintains the head 
at a constant level along the periphery of the 
aquifer and that the recharge along this 
periphery equals the well discharge. Since 
the well is at the center of the island and the 
island is circular, we can assume that cylin- 
drical symmetry will prevail; we can there- 
fore introduce polar coordinates to simplify 
the problem. 

QUESTION 

If b represents the thickness of the aquifer, 
which of the following expressions repre- 
sents the cross-sectional area of flow at a 
radial distance r from the axis of the well? 

Torn to Section: 

2^rb 27 
^■"-b 12 
27rr= 6 
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Your answer in Section 24 is not correct. 
The statement that there is a linear incre^e, 
in head with distance away from the str^m 
implies that there is a non-zero slope, dh/dx, 
in the potentiometric surface, and this in 
turn implies that flow exists in the aquifer. 
Darcy's law states that 

dh 

dx 

Hydraulic conductivity, K, may be very low, 



but cannot be considered equal to zero as long 
as we are dealing with an aquifer in the 
normal sense of the word. Thus in order for 
Q to be zero, through a given area A, the head 
gradient dh/dx normal to A must be zero. In 
this case we have observed a head gradient 
which is not zero in ihe aquifer, so we know 
tJiat flow of some magnitude must exist in 
the aquifer. 

Return to Section 24 and choose another 
answer. 
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Your answer in Section 25, 
Q dh 

biv dx 
is not correct. You have taken the cross- 
sectional area of flow to be h%o — that is, the 
product of aquifer thickness and width of 
section. An examination of the figure in Sec- 



tion 25 will show that this does not represent 
the actual area of flow. The aquifer is not 
saturated through its full thickness, but 
rather to a distance h above the base of the 
aquifer. Thus, the cross-sectional area of flow 
is %oh, rather than bw.. 

Return to Section 25 and choose another 
answer. 
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Introduction 



In Parts II and III we dealt with aquifers 
and porous media only as conduits — ^that is, 
we discu.ssed only their properties relating 
to the transmission of water in steady flow. 
Aquifers have another very important hy- 
draulic property — that of water storage. In 
Part IV we will examine this property of 
ground-water storage and develop an equa- 
tion to describe it. In Part V we will develop 



the differential equations for a simple case 
of nonequilibrium flow by combining the 
storage equation with Darcy's law, by means 
of the equation of continuity, which is simply 
a statement of the principle of conservation 
of mass. In Part VI, we will repeat this 
process for the case of nonequilibrium radial 
flow to a well and will obtain an important 
solution to the resulting differential equation. 



i 




The picture shows an open tank, having a 
square base of area A. If a volume of water, 
i\y, is poured into this tank, the water level 
will rise by an increment, ^h, such that 



^y-A-A/i. The total volume, V, of water in 
storage in the tank at any time can be deter- 
mined by measuring the depth, h, of water 
in the tank and multiplying this depth by A. 

QUESTION 

Suppose the total volume of water in stor- 
age is plotted as a function of the level of 
water in the' tank, so that the volume asso--^ 
ciated v/ith any water level can be read 
directly from the plot The graph will be: 

Turn to Section: 

(a) a parabola with slope 1^ 

(b) a straight line ^ith slope =A 11 

Ah 

(c) a logarithmic curve 9 



53 



64 



ERIC 



54 



TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 

I \ 

— -2 — 



Your answer in Section 26 is not correct. 

The volume of water present in the sand 
initially was hAn. A certain fraction, j5, of 
this fluid volume was drained off by gravity, 
leaving the fraction 1-^ still occupied by 
fluid. /3 thus represents the fraction of the 
total pore space, below the level h, which does 
does not already contain water, and which 



must be refilled in order to resaturate the 
sand to the level h. That is, in order to re- 
saturate the sand to the level h, a volume of 
water equal to tiiis unoccupied por^ volume 
must be pumped into the tank. 

Return to Section 26 and choose another 
answer. 
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Your answer in Section 21 is not correct. 
In the imaginary experiment described in 
Section 21, it was stated that doubling the 
base area of the prism had the effect of 
doubling the slope of the Vyk plot— that is,- 
of doubling the term dV/dh. Thus, dV/dh 



depends upon the size of the prism consid- 
ered, as well as upon the type of aquifer 
material; it cannot be considered a constant 
representative of the aquifer material. 

Return to Section 21 and choose another, 
answer. 
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Your answer in Section 16, 
dV 

= =n/?, 

dh 

is not correct. It neglects the effect of the 
base area. A, of the tank. 

We have seen that when the tank is drained 
by gravity and then resaturated to. the level 
A, the relation between V and h is 
V^hAnp 

where n is the porosity of the sand and p the 
fraction of the water in the sand that can be 
drained out by gravity. Now if, instead of 



draining the sand to the bottom of the tank, 
we simply remove a small volume of water, 
^V, so that the water level in the tank fallp 
by a small amount Ah, we should expect aF 
and to be related in the same way as V 
and h in our previous experiment. If we are 
v\ resaturating the sand by increments, when 
it has previously been saturated and then 
drained by gravity, the same relation should 
hole 



to Section 16 and choose another 



Retu 
answer. 
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Your answer in Section 20 is not correct, 
If each well penetrated both aquifers, there 
would be no reason for the responses of the 
Livo wells to djffer. The form of the response 
might be difficult to predict, but at least it 
should be roughly the same for each well. 



Keep in mind that the storage coefficient o^ 
the artesian zone will probably be smaller 
than the specific jield of the water-table 
aquifer by at least two orders of magnitude. 

Return to Section 20 and choose another 
answer. 



Your answer in Section 32 is correct. Spe- 
cific yield figures for normal aquifer ma- 
terials may range from 0.01 to 0.35. It is 
common to speak of the specific yield of an 
unconfined aquifer as a whole; but it should 
be noted that the process of release from un- 
confined storage really occurs at the water 
table. If the water table falls or rises within 
an aquifer, into layers or strata having dif- 
ferent hydraulic properties, specific yield 
must change. In addition, of course, specific 
yield can vary with map location, in response 
to local geologic conditions. 



Piezometer 



Water level-H- 




Sides of prism 
hydraulically seated 



^ Confining 
material 



Datum - 



Unconfined storage is probably the most 
important mechanism of ground-water stor- 
age from an economic point of view, but it 
is not the only such mechanism. Storage 
effects have also been observed in confined 
or artesian aquifers. The mechanism of con- 
fined storage depends, at least in part, upon 
compression and expansion of the water it- 
self and of the porgus framework of the 
aquifer; for this reason confined storage ip 
sometimes referred to iis compressive stor- 
age. In this outline we will not attempt an 
analysis of the mechanism of confined stor- 
age, but will concentrate instead on develop- 
ing a mathematical description of its effects, 
suitable for hydrologic calculations. A dis- 
cussion of the mechanism of confined storage 
is given by Jacob (1950, p. 328-334), and by 
Cooper (1966). 

The diagram shows a vertical prism ex- 
tending through a uniform confined aquifer. 
The base area of the prism is A. Although the 
prism remains structurally £ part of the con- 
fined aquifer, we suppose it to be isolated 
hydraulically from the rest of the aquifer by 
imaginary hydraulic barriers, so that water 
added to the prism remains within it. We 
further imaginfe that we have some, method 
of pumping water into the prism in measured 
increments, and that we have a piezometer, 
as shown in the diagrr^i^m, through which we 
can measure the head v^ithin the prism- 

{continued on next page) 
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QUESTION 



Suppose that head is initially at the level 
A J, which is above the top of the aquifer, in- 
dicating that the prism is not only saturated, 
but under confined hydrostatic pressure. We 




designate the volume of water in storage in 
this initial condition as Vi. Now suppose 
more water is 4)uinped into the prism by 
increments; and tiiat the head is measured 
after each addition, and a graph of the vol- 
ume of water in storage versus the hydraulic 
head in the prism is plotted. If the resulting 
plot had the form shown in the figure, which 
of the following statements would you accept 
as valid? 

Turn ffd Section: 

(a) The rate of change of volume of 
water in confined storage, with 
respect to hydraulic head, ft, is 
dV 

constant; that is constant 



21 



Hydraulic head, h 



dh 

(b) The rate of change hydraulic 

head with respect to volume in 
storage, depends upon the vol- 
ume in storage, 

(c) The rate of change of volume in 

storage, with respect to the base 
area of the prism, is equal to aA. 
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Your answer in Section 32 is not correct. 
One important concept which is missing from 
the definition you selected is. that specific 
yield refers to a unit base area of the aqui- 
fer. The definition you selected talks about 
the volume of water which can be drained 
from the aquifer — this would vary with ex- 
tent of the aquifer and would normally be a 



very large quantity. As we wish specific 
yield to represent a property of the aquifer 
material, we define it in terms of the volume 
that can be drained per unit map area of 
aquifer. 

Return to Section 32 and choose another, 
answer. 
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Your answer in Section 25 is not correct. 

The relation given in Section 25 for the rate 
of release of water from storage was 

dV 



dt 



dh 
-SA— 
dt 



of change of head with time within that area 
of aquifer. In the question of Section 25, the 
the specific yield of the water-table aquifer 
was given as 0.20, and the ra^ of decline of 
water level in the shallow well was gi\ten as, 
0.5 f6ot per day. The surface area of a^^tion 
of the aquifer within a 10 foot radius of the 



where S is the storage coefficient, A the area of the aquifer within a 10 foot radius of the 
of aquifer under study, and dh/dt the rate well would be ?rXlOS or 314 square feet. The 
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rate of release from storage in this section 
would therefore be 
dV dh 

=SA— =0.2X314X0.5 

dt dt 

= 31,4 cubic feet per day. 



Return to Section 25 and choose another 
answer. 



Your answer in Sfetr^Son 1 is not corr^cr.- 
Whenever we add a fix^d volume of water — 
say 10 cubic feet — ^to the tank, the water level 
must rise by a corresponding fixed amount. 
If the base area of- the lank is 5 square feet, 
the addition of 10 cubic feet of water must 
always produce an increase of 2 feet in h; 
the addition of 15 cubic feet of water must 
produce an increase of 3 feet in h; and so on. 
The ratio xV/^li in this ^case must always 



be 5. In other words, the ratio ^V/^h is con- 
stant and is equal to the base area. A, of the 
tank. 

Now if we plot V versus ft, the slope of 
this plot will be aV/a/i, by definition. This 
slope, as we have seen above, must be a con- 
stant. A logarithmic curve does not exhibit 
a constant slope. . 

Return to Section 1 and choose another 
answer. - 



Your answer in Section 1 is not correct. 
The increment in the volume of water within 
the tank, resulting from an increase in water 
level of Aft, is given by A7=AAft. Thus, 

A V 

-A ^ 

Aft 

where A, the base area of the tank, is a con- 
stant. If we construct a plot of V, the vol- 



ume of water in the tank, versus ft, the level 
in the tank, the slope of the plot will by defi- 
nition be AF/4ft; but since AV/Aft is a con- 
stant, the plot cannot be a parabola. The 
slope of a parabola changes continuously 
along the graph. 

Return to Section 1 and choose another 
answer. 



JL 



1 



Piezometer- 




Your answer in Section 1 is correct. The 
slope of the graph, AV/Ah or dV/dh, is con- 
stant and equal to A. '^Thus the volume of 
water in storage per fopt of head /(water 
level) in the tank is A. . 

Now consider the tank shown in the 
sketch. It is similar to the. one we just dealt 
with, except that it is packed with dry sand 
having an interconnected (effective) poros- 
ity denoted by n. The tank is open at the top 
and has a base of area A. Water can be 
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pumped into the tank through a pipe con- 
nected at its base, and the water level within 
the tank — that is, the level of saturation in 
the sand — can be measured by means 6f a 
piezometer, also connected at the base of the 
tank. 

QUESTION / 

Suppose we pump a small volume of water, 
V, into the tank and observe the level, h, to 



which water rises in the piezometer. Neglect- 
ing all capillary effects, which of the follow- 
ing expressions would constitute a valid re- 
lation between the volume of water pumped 
into the tank and the rise in water Jsvel above 
the base of the tank? 



V^Ah 
V^hAn 



Turn to Section: 

31 
12 
14 
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Your answer in Section 11 is not correct. 
If the water rises to a level h above the base 
of the tank, the bulk volume, of saturated 
sand (neglecting capillary effects) will be 
hA. This bulk volume must be multiplied by 
the porotM'ty to obtain the total volume of sat- 



.urated pore space. A review of the definition 
of porosity as given in Part I may help to 
clarify this. 

Return to Section 11 and choose another 
answer. 



/ 
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Your answer in Section 25 is correct. The- 
release from atoracre in a given area in the 
water- tabic aquifer is given by 
dV. 4/1-' 

= 5yA— =0.2xAx0.5 = 0.1A. 

dt dt 

The release from storage in an equal area in 
the artesian./ aquifer would be 
dV dh 

' — =SA— = 2xlO-^xAx5 = 0.001A. 



dt 



Thus the water-table contribution exceeds 
the artesian release by a factor of 100. 

This completes our introductory discussion 
of aquifer storage. You may go on to Part, V, 
in which v^^e will combine ^the concept of - 
aquifer storage with/Darcy's law, using the 
equation of continuity, to develop the differ- . 
ential equation for a simple problem in non- 
equilibrium ground-water flow. 



/ 



dt 
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Your answer, V=hAny in Section 11 is cor- 
rect. Now suppose water is added to the tank 
in increments, and h is measured after the 
addition of each increment; and suppose a 
graph of V versus h is plotted, where V is the 
total or cumulative volume which has been 
added, and h is the water level in the tank. 

QUESTION 

Agairf neglecting all capillary effects, the 
resulting graph would be: 



Turn to Section: 

' AF 1 

(a) a straight line with slope = .17. 

A/i An 

(b) a straight line with slope --7-= An 26 

A ■ - 

(c) a logarithmic curve with „slppe 

depending on h 22 
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Your ansv*rer in Section 20 is not correct. 
The specific yield of the \vater-table aquifer 
would normally be greater than the storage 
coefficient of the artesian zone by at least two 
. -OXdersjof _ magTii A seasona l fluctu ation 
in pumpage would usually involve a brief 
withdrawal fro^m storage, or a brief period of 
accumulation in storage. The two aquifers 
are pumped at about the same rate, so pre- 
sumably seasonal adjustments in the pump- 
^ag,§^will be of the same order of magnitude 



for each. However, the response of the two 
aquifers to withdrawal (or accumulation) of 
a similar volume of water would be com- 
pletely different, and would be governed by 
their storage coefficients. The aquifer with 
~fFe~hrgKer^tor^^^co^fficient"Could~s 
the withdrawal with less dr awdown of water 
level than could the aquifer with the lower 
storage coefficient. 

Return to Section 20 and choose another , 
answer. - 
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Your answer, V=^kAnl3, in Section 26 is 
correct. This expression gives the volume of 
water withdrawn in draining the tank by 
gravity, and the volume which must be added 
to resaturate the sand to the original level, 
under our assumption that the fraction held 
by capillary forces is constant. 

QUESTION I 

Suppose, subject to the same assumption, 
that the tank is drained by removing incre- 
ments of water (or resaturated by adding 
increments of water) and a graph of the vol- 
ume of water in storage, V, versus the level 



of saturation, h, is plotted from the results 
of the experiment. Which of Jhe following 
expressions wou]d\ describe the~slope of the 
' resulting gi^aph? 

Turn to Sectiot^ 





dV 


^h 


dh 


aF 


dV 


A/i 


dh 


aF 


dV 


a/i. 


dh 
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Your answer in Section 14 is not correct. 

We have seen that if a volume of water, T, 
is pumped into the tank when it is iinitially 
diy7the equation / 

describes the relation between V and./i, the 
level of water in the sand. If the sand is. 



already saturated to some level, knd an addi- 
tional volume of water; aF, is pumped in, 
the water level will rise by an increment A/i, 
such that 

aF=a/i • a ' n. 
Return to Section 14 and use this ^lation 
in choosing another answer. 



\ 
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Your answer in Section 26 Is not correct. 
h'A'71 would represient the volume of water 
required to raise the water level to a distance 
h above the base of the tank, if the sand were 
initially dry. In this case, however, the sand 
-Js,not-initiall3L-dry. Some-af-the-pora^space-is- 
already occupied by water at the beginning 
of the experiment, sir|ce after drainage by 
gravity, capillary effects cause some water 
to be held in permanent retention. The vol- 
ume of water which must be added to resat- 
urate the sand to the level h is equal to the 
volume of pore space below the level h which ' 



does not already contain water. The total 
volume of pore space below the level h is 
h'A^n; when the sand was ..initially sat- 
urated, this entire volume contained water. 
When the sand was drained, a certain frac- 
— t4^n-of~4h4s— water-,--^W€h-^e---d^esi^4m^ 
was r^oved. The remaining frar.tion, 1-^, 
was held by capillary retention in the, sand. 
Thus p represents the ./rac^io^i of the pore 
space which is empty when we begin to refill 
the tank. ' . ' 

Return to Section 26 and choo^ie another 
answer. - ' . 
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Your answer in Section 33 is not correct. 
Because the aquifer material is identical to 
the sand of our tank experiments and because 
the base area* of our prism of aquifer is equal 
to the base area of our tank, we should expect 
the relation between volume released from 
storage and decline in water level within the 
prism to be identical to that obtained for the 
tank. In the answer which you selected, how- 



ever, there is^no description of the effect of 
capillary retention. Remember that the fac- 
*tor /?, which was used in the tank experiment 
to describe the fraction of the water which 
could be drained by gravity, as opposed. to_ 
that held in capillary retention, must appear 
in youi* answer. 

Return to Section 33 and choose another 
answer. 
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Your answer in Section 21 is correct. The 
results of the imaginary experiment suggest 
that the term 

1 dV 

A dh 

is a constant for the aquifer material. 

In practice,. in dealing with the confined or 
compressive storage of an aquifer, it is usually 
assitined that the quantity (l/A) (dV/dh) 
is a constant for the aquifer, or is at least a 
coi^stant for any given location in the aquifer. 
This quantity, (l/A) (dV/dh), is denoted S 
and is called the confined or compressive stor- 
age coefficient, or simply the storage coeffi- 
cient, of the aquifer. 



It would of course be difficult or impossible 
to perform the experiment described, in Sec-, 
tion 6. However, if storage coefficient is de- 
fined by the equation 

dV 

A dh ' 

a nonequilibrium theory can be developed 
from this definition which explains m^ny of 
the observed phenomena of confined flow. 

The following points should be noted re- 
garding confined storage coefficient: 
(1) The storage coefficient is the volume of 
water released from storage in a 
prism of unit area, extending through; 
the full thickness of the aquifer, in, 
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(2) 



(3) 



reitpn. : to a unit decline in head. 
This ir\:irt*ment can be appreciated by 
a review of the hypothetical experi- 
ment described earlier, or by letting 
A==l in the finite-difference form of 
the definition, S= (l/A) (a7/a7i). 
The definition of storage coefficient is 
similar to that of specific yield, in the 
sense that each is defined as the term 
(l/A) {dV/dh) , for a prism extend- 
ing through an aquifer. Thus in many 
applications, the two terms occupy the 
the same'position m the theory. In the 
case of an unconfi^i^i-l aquifer the spe- 
cific yield is often leferred to as the 
storage coeflicient. 
It should be noted, however, that the 
processes involved in the two types of 
storage are completely different. With- 
drawal from or addition to unconfined 
storage takes place at the water table ; 
it is spoken of as occnrring in a prism 
of aquifer because it 5s usually the 
only significant form of storage within 
such a prism in most water-table situ- 
ations. Confined storage effects, on the 
other hand, are distributed through- 
out the vertical thickness of an 
aquifer. 

Confined storage coefficient >values are 
• generally several orders of magnitude 
loss than specific yield val^ies. Specific 
yields range typically from 0.01 to 
0.35, whereas confined storage values 
usually range from lO"^ to 10~^ 
. The definition of confined storage in terms 
of a prism extending through the aquifer is 
adequate where the flow is entirely horizon- 
tal — ^that is, where no differences in head or 
in Htholbgy occur along a vertical within the 



(4) 



aquifer. Where vertical differences do occur, 
one must al^ovv for the possibility of different 
patterns of storage release at different poini^ 
along the vertical, and a storage definition 
bas^d on a prism Is no longer adequate. Ufe 
is therefore made of the specific storage, S^, 
which is defined as the volume of water n 
leased from confined storage in a unitvoU- 
2tme of aquifer, per unit decline in head; In 
a homogeneous aquifer, S, would be equal to 
S divided by the thickness of the aquaer. 



QUESTION 



Consider a small ground-water basin that 
has both an artesian aquifer and a water- 
table aquifer. Regional withdrawal from^^^i^i^- 
artesian aquifer is alK)ut equal lto-^STat''Jrom^~' 
the water-table aquifer, and seasonal fluc- 
tuations in pumpage are similar. Records are 
kept on two observation wells, neither of 
which is in the immediate vicinity of a dis- 
charging well. One well shows very little 
fluctuation in water level in response to sea- 
sonal variations in pumpage, while the other , 
shows great fluctuation. Which of the follow- 
ing statenients would more probably be true? 



. Turn to Section: 

\ 

(a) The well showing little fluctill^tion 
taps the water-table aquifer, 
while that showing great flue-, 
tuation taps the artesian zone. 




(b) Each well penetrates both aquifers. 

(c) The well showing great fluctuation 

taps the water-table aquifer, 
while that showing little fluc- 
tuation tapH the artesian zone. 



25\ 
5 
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Your answer in Section 6 is correct. The 
plot is a straight line, so the slope, dV/dh, 
is' a constaut.^NehW suppose the prism is ex- 
panded to twice its original base area, and 
o\xv imaginary experiment is repeated; and 
supposa-we^obser-ve-that,-as-a-result of-the-^ 
increase in base area, the slope of our V, h 
plot is twice its original value. 



' . QUESTION 

• Let A now represent, the base area of any- 
general (vertical) prism through the aqui- 
fer; or in general, let A represent the surface 
area of the section of the aquifer we are iso- 
lating for discussion. On the basis of the evi- 
dence described, which of the following 
statements would you be inclined to accept? 



Turn to Section: 



(a) 



dV ' 
dh 

is a constaijt for the aquifer 
"matenal 



(b) The term 



1 dV 



- ' A dh 
is a constant for the aquifer 
material 
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(c) The term 



dV 

L 

dh 



is a constant for the aquifer 
material 
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Your answer in Section 14 is not correct. 
We have seen that, neglecting capillary 
effects, there is a linear relationship between 
the volume of water, V, pumped into the tank 
when it is initially dry, and the Jevel of 
water, /i, above the base of the tank^ That is, 
a constant coefficient. An, relates th^ two 
quantities: V^h-A-n, This linearity holds 



as well if the water is added to the tank in 
increments. Each incremental volume of ' 
water, aF, pumped into the tank produces ati 
increment in head, Ah, such that : . 

Return to Section 14 and choose another 
answer. i 
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Your answer in Section 6 is not correct. 
The ratio of the change of volume of water 
in storage, to the change in hydraulic head 
is by definition the slope, aV/aK or dV/dh, 
of a plot of V versus h. If this rate of change 
of V with h were to depend^upon V, the plot 
of V versus h would show a different slope 



at different values of V. The plot, in other 
words, would be some sort of curve. The plot 
shown in ^ection 6,. however, ^ is a straight 
line— it has a constant slope, the same for 
any value of V. . 

Return to Section 6 and choose another 
answer. 
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Your answer in Section 25 is not correct. 
The relation given in Section 25 for the rate 
of release of water from storage was 

dV dh 

-SA— 

dt dt 



'•Wh ere g is the 5tora:ge-eoeffiderit7-24H:-he-arrea^ 
of aquifer under study, and dh/dt the rate 
of change of head with time within that area 
of aquifer. In the question of Section 25, S 
was given as 2xl0~-^ for the artesian aqui- 
fer, and dh/dt, as measured in the deep well. 



was 5 feet per day. A section of the aquJfer 
within a 10 foot radius of the observation 
well would have a surface area of irXlO^, or 
314 square feet. The rate of release of water 
from storage in this section would therefore 
be 



Z^=:=SA— =2xljO-*x314x5 
dt dt 

= Q.314 cubic feet per day. 
Return to Section 25 and choose another 
answer. 
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Your answer in Section 20 is correct. Be- 
cause of tRe higher storage coefficient of the 
water-table aquifer, release or accumulation 
of a comparable volume oft water will cause 
a much smaller fluctuation of water level in 
the water-table aquifer than in the artesian 
aquifer. In effect, we have introduced time 
variation into the problem here, since we aie 
discussin^j changes in head with time. To 
bring time into the equations, we may pro- 
ceed as follows. 

, Let iS represent either speciflc yield or 
storage coefficient. Then according to our 
definitions, we may write, using the finite- 
diiference form. 



1 
A 



Ah 



The relation between the volume of water 
taken into or released from aquifer storage 
in a prism of base area A and the accom- 
panying change in head, is therefore: 

Now let us divide both sides of this equa- 
tion by A^, the time interval over which the 
/decline in head was' observed. We then have: 



A< 



or, if we are talking about a vanishingly 
small time interval, 

dV dh 

:=SA 

dt dt 

Here dV/dt is the time rate of accumula- 
tion of water in storage, expressed, for ex- 
ample, in cubic feet per day; and dh/dt is 
the rate of increase in head, expressed, for 
example, in feet per day. If we are dealing 
with release from storage, head will decline, 
and both dV/dt and dh/dt Will be negative. 
The partial .derivative notation, is . 

usually lised instead, of dh/dt, because head 
ma.^ vary witli distance in the aquifer as well 
as with time. This equation is frequently re- 
ferred to as the storage equation. 
/ The equation can also be obtained using 
the. rules of differentiation. For the case we 
are considering we have 

dV dV dh 

dt dh dt 

but from the definition of stprage coefficient, 
dV/dh=SAf so that by substitution 

dV dh 

^SA — . 

dt dt 

{continued orTnexipage) 
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QUESTION 

Suppose we record the water levels in a 
deep observation well, penetrating a confined 
aquifer which has a storage coefficient of 
2xl0~^ and a shallow observation well, tap- 
ping a water-table aquifer which has a spe- 
cific yield of 0.20. The water level in the deep 
well falls at a rate of 5 feet per day, while 
that in the shallow well falls at a rate of 0.5 
foot per day. Considering the release of 
water from storage in each aquifer within 
a radius of 10 feet of the observation well, 
which of the following statements would be 
most accurate? 



Turn to S«ction: 

(a) within a radius of 10 feet of the 

shallow well, water is being re- 
leased from storage in the 
water-table aquifer at a rate of 
5 cubic feet per day. 8 

(b) the rate of release of water from 

storage in the water-tab'e aqui- 
fer, within 10 feet of the shallow 
well, is 100 times as great as 
that in the artesian aquifer, 
within 10 feet of the deep well. 13 

(c) within a radius of 10 feet of the 

deep well, water is being re- 
leased from storage in the arte- 
sian aquifer at a rate of 1 cubic 
foot per day. 24 
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Your answer in Seclion 14 is .correct. If 
there were no capillary effects, ,tne result of 
filling the tank with sand would simply be to 
take up some of the volumfe available for 
storage of water. Thus.the^slope of the plot- 
of V versus h for the saitd-filled tank would 
differ from that for the open tank (Section 
l)'only by the factor n, which is the ratio 
of the storage volume available in the sand- 
filled tank to that available in the open tank. 

In practice, of course, capillary effects 
cannot be neglected. In this development we 
will take a simplified view^ of these effects, 
as a detailed, examination of capillary phe- 
nomena is beyond 11. e scope of our discussion. 
Let us assume that due capillary forces, a 
certain constant fraction of the water in the 
sand is permanently retained. That is, we 
assume that following the initial saturation 
of the sand, we can never drain off by gravity 
the full volume of water which was added 
during the initial saturation. A part of this 
initially added Avater remains perm&^r :tly 
held fh the pore spaces by capillary ::ittrac- 



tion; thus the amount of water which can 1::^ 
alternately stored and recovered is reduce^. 

QUESTION / 1 

Suppose the tank is initially saturated to. 
a level and is then drained by gravity. Sup- 
pose further that the ratio of/the volume 9f 
water drained to that initially added is ob- 
served to be p: that is, the fraction of the 
added water which can be drained is /3, while 
the fraction retained in thousand by capillary 
forces is (1 — ^). Subject to our assumption 
that the fraction retained is a constant, 
which of the follo.wing expressions gi-ves/tiie 
volume of water which .would have to be 
restored to the'tank^ after draining, in ofder 
to resaturate the sand to the sa.me level, 
as before?/ I 



V^hAn 
n 

V^hA— 
P 

V^hAn/3 



Turn to Section: 

i 18 
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Your answer* in Section 32 is not correct. 
Your answer defines specific yield a5 the 
quantity (presumably the total quantity) of 
water which can be drained by gravity from 
a unit area of the aquifer. In the preceding 
analysis, we developed the concept of specific 
yield in terms of the quantity of water which 
can be drained per unit decline in ivater level 



A verbal definition of specific yield must 
therefore include this latter concept in some 
manner — that is,, it must indicate that we 
are referring to the quantity released from 
storage per unit decline in head. 

Return to Section 32 and choose another 
answer. 
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Your answer in Section 33 is not correct. 

The aquifer material was given as identical 
to the sand^of the tank experiments described 
previously, and the base area of the prism 
was taken as equal to the base area of the 
tank. We are considering only storage within 
the prism itself, in relation to water level in 
the prism, and are not concerned with what 
goes on in the aquifer beyond the boundaries 



of the prism. At this rate, we should expect 
the relation between the volume of water 
drained from storage and the accompanying 
decline in water level to be the same for our 
prism of aquifer as for the tank of the earlier 
experiments. 

Return to Section 33 and choose another 
answer. ^ 
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Your answer in Section 16, 

= ^hAn^ 

6.h dh 

is not correct. This answer would indicate 
that the relation between V and k — ^that is, 
th^ slope of a plot of V versus h — is a func- 
tion, of /t. However, we have already seen 
that if we refill the tank after it has been 
drained by gravity, we will find V and h to 
be related by a constant Anp, That is, we 



win find that V=hA'^ip or that the ratio of V 
to h is' the constant Anp, If the tank is 
drained by increments, or refilled by incre- 
ments after draining, we would expect the 
same relationship to hold between the incre- 
ments of fluid volume, aF, and the incre- 
ments of head, A/t, as -was^ observed between 
V and /t in the initial/problem. That is, we 
would expect to find that A7=Afe-An^. 

Return to Section) 16 and choose another 
answer. \ 
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Your answer in Section 6 is \niot correct. 
Afe represents a simple change fn^the hy- 
draulic head, 7t. It does not represent any 
form of rate of change; when we describe a 
rate of change, we always require two vari- 
ables, since we always consider the ratio of 
change of one variable to that of, another. 
At this point of our discussion, moreover/- 



we are considaring the relation between the 
volume of water in storage and the hydraulic 
head. We have not yet taken into considera- 
tion the effect of varying the base area, of 
our prism of aquifer. 

Return to Section 6 and choose another 
answei*. 
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Your answer in Section 11 is not correct. 
The sand-filled tank of Section 11 differs 
from the open tank, of Section 1, in that any 
quantity of water pumped into che sand- 
filled tank aan utilize only the interconnected 
-pore-volumeas-itsstorage-space^-fn-the-open- 
tank of Section 1 the full capacity of the tank 
was available. If the sand-filled tank is initi- 
ally empty and a volume of water, F, is 
pumped in, this water will occupy the total 
volume of interconnected space between the 
base of the tank and the height to which the 
sand is saturated (neglecting capillary 



effects). If the water level in the sand js a 
distance h above the base of the tank, t^e 
bulk volume of the saturated part of the sand 
will be h'Ay where A is the base area of the 
tank. However, the volume of injected water 
-w il 1-not— equal-thi s b u lk satwated-^lumer- 
but rather the interconnected pore volume 
within the saturated region. A review of the 
definition "of porosity as given in Part I may 
help to clarify this. 

Return to Section 11 and choose another 

answer. • 

■ ) . ■ 
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Your answer in Section 33, 



dV 

dh 



is correct. The aquifer maferial is assumed 
to be identical to the sand in the tank experi- 
ments; if the area of the prism is equal to 
that of the taak, the two plots of storage 
versus water level should be identical. Note, 
however, that area is a factor in the expres- 
sion for dv/dh; if we were to choose a pris- 
matic section of larger area, it would pro- 
vide more storage, per foot of head change, 
than one of smaller area, just as a tank of 
larger base area would provide more stor- 
age, per foot of water-level change, than a 
tank of smaller area. If tne base of our prism 
of aquifer were unity, the expression for 
dV/dh would be simply np\ and in general, 
an expression could be written/for the change 
in storage volump per unit head change^ 2?er 
unit area of aquifer, as 



dV 
dh 



The term np is referred to as the specific 
yield of an aquifer, and is usually designated 
5y. Because we have assumed (1-/3), the 
fraction of water retained by capillary forcer^, 
to be constant, we obtain the result that S^, 
is a constant ; and for niany engineering 
applications, this is a satisfactory approxi- 
mation. It should be noted, however, that it 
is only an approximation; the fraction of 
'water held in capillary retention may change 
with time, for various reasons, leading to 
apparent variations in Su with'time. 

Specific yield describes the properties of an 
aquifer to store and release water (through 
unconfined storage) just as permeability de- 
scribes its properties of transmitting water. 
Mathematically, specific yield is equivalent to 
the term (1/A) (dV/dh) for an unconfined 
aquifer. 

{continued on next page) 
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QURSTIOM 

On the basis of the above discussion, which 
of the following statements would you select 
as the best verbal definition of specific yield? 

Turn fo Section: 

^(^LJrhajsfiecific, yield of an unconfined 

aquifer is the volume of water 
which can be drained by gravity 
from the aquifer in response to 
a unit decline in head. 7 



(b) The specific yield of a horizontal 
unconfined aquifer is the volume 
of water which is drained by 
gravity from a vertical prism of 
unit base area extending 
through the aquifer, in re- 
sponse to. a unit lowering of the 

sa tur ate d level — — 



(c) The specific yield of an unconfined 
' aquifer is the quantity of water 
which can be drained from a 
unit area of th^ aquifer. 27 



33 



Your answer in Section 16, 

/ aV dV 

/ = = An/?, 

/ sh dh 

/is correct. The slope of the graph of volume 
of water in storage versus water level — or 
in other words, the derivative of V with re- 
spect to h — would be constant and equal to 

Now suppose that we are dealing with a 
prismatic section taken jvertically through a 




uniform unconfined aquifer as shown in the 
figure. The base area of the prism is again 
denoted A. Suppose the aquifer material is 
identical in its hydraulic prox>erties to the 
sand of our tank experiments. We wish to 
construct a graph of the water in recoverable 
storage within the prism versus the level of 
saturation, or water-table level, in the aqui- 
fer in the vicinity of the prism. 'We are inter- 
ested only in water which can be drained by 
gravity; vi^ater in permanent capillary reten- 
tion will not be considered part of the stor- 
age. 

QUESTION 

Which of the following expressions would 
describe the slope of this graph?' 
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Your answer in Section 21 is not correct. 
In the imaginary experiment described in 
Section 21, it was stated that, doubling the 
base area, A, of the prism had the effect of 
doubling the slope, dV/dh, of the 7, h plot. 
Thus the term A{dV/dh) would be ifour 
times as great for the pr^m of doubled area, 
as for the original prism. That is, the term 



A (dV/dh) would depend upon the size of the 
prism considered, as well as upon the type of 
aquifer riiaterial, and could not be considered 
a constant representative of the aquifer ma- 
terial. 

Return to Section 21 and choose another 
answer, | 



I 



Part V. Unidirectional Nonequilibrium Flow 



Introduction 



In Part V, our purpose is to develop the 
differential equation for a problem of non- 
equilibrium flow. To do this, we utilize the 
storage equation, 



dh 



dV 

dt dt 

developed in Part IV, and we utilize Darcy's 
law. These two relations are linked by ■ '^ans 
of a relation called the equation of contin ;ty, 
which is a statement of the principle of con- 
siirvation of mass. 

In Part VI we will develop the same type 
of equation in polar coordinates and will dis- 
cuss a solution to this equation for a particu- 
lar flow problem. In the course of working 
through Parts V and VI, the reader may 
realize that the relations describing the stor- 
age and transmission, of ground water can 
be combined to develop the differential equa- 



tions for many other types of flow; and that 
solutions to these equations can be developed 
for a variety of field problems. 

Before the start of the program jDf Part V, 
"t}rere^is-a-brief-dise^ssion,-in-text form,_j)f ~ 
the significance of partial derivatives, their 
use in gronnd-water equations, and in par- 
ticular their use in a more general form of 
Darcy's law. This form of Darcy's law^as 
introduced in the text-format discussion at 
unc end of Part II. The discussion here is in- 
tended primarily for ^readers who may riot be 
accustomed to using partial derivatives and- 
vector notation. It may be omitted by readers 
conversant with/these topics. This discussion 
is not intended as a rigorous treatment of 
partial differentiation. Readers who are not 
familiar with the subject may wivsh to review 
such a treatment in any standard text of 
calculus. 



Partial derivatives in ground-water flow analysis 



When a dependent variable varies with 
more than one independent variable, the 
partial derivative notation is used. A topo- 
graphic map, for example, may be considered 
a representation of a dependent variable 
(elevation) which is a function of two in- 
dependent variables— -the two map direc- 
tions, which we will call x and y, as shown in 
figure i. If elevation is denoted E, each 
contour on the map represents a curve in the 
x-^j plane along which £7 has some constant 
value. In general, if we move in the x direc- 
tion, we will cross elevation contours — -that 
is, E will change. Let us say that if we move 
a distance Ax parallel to the x axis, E is ob- 
served to change by an amount Ai7,. We may 



form a ratio, ^EJ^x, of this change in eleva- 
tion to the lenfr'jh of the x interval in which 
it occurs. If the interval ^x becomes vanish-- 
ingly small, this ratio is designated 'QE/'Qx 
and is termed the partial derivative ofE with 
respect to x. 'QE/'Qx is actually the slope of 
a plot of jE" versus x, at the point-under con- 
sideration, or the slope of a tangent to this 
plot, as shown in figure i. Note that in obtain- 
ing 'dE/'dx we move parallel to the a; axis— 
that is, we hold y constant, considering only^ 
the variation in E' due to the change in a;. 

Simi' - rly, if we move a small distance. Ay: 
parallel u- the y ards, E will again change by 
some small amount, aE^. We again form a 
ratio, bEy/Ay; if the distance taken along 
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the y axis is vanishingly small, this ratio is 
designated 'dE/'dy and is termed the partial 
derivative of E with respect to 7/.. Note that 
this time we have moved parallel to the y 
axis; in effect we have held .i- constant and 
isolated the variation in E due to the change 
in y alone. 

If it happened that land surface varied so 
regularly over the map area that we couid 
actually write a mathematical expression 
giving elevation, E, as a function of x and y, 
then we could compute gC/go: simply by dif- 
ferentiating this expression with respect to 
.r, treating- ?/ as-a-constan.t.-SimilarIy,_JWC„ 
could compute dE/'dy by differentiating the 
expression with respect to y, treating a: as a 
constant. For example, suppose that after 
studying the contour map, we decide that ele- 
vation can be expressed approximately as a 
function of a: and y bythe equiition 

£7==5.T= + 10?/ + 20. . 

Differentiating this equation with resgpct 
to .r, treating 1/ as a constant, gives 

=10:1:. 

We could, therefore, compute 3£'/3a;*at any 
point by substituting the .^-coordinate of that 
point into the above equation. Differentiating 
the equation with respect to y, treating x as 
a constant, gives • 

1 dE 

I =10, 

32/ 

indicating that has the same value, 

10, at all points of the map. In this example, 
dE/dx tur^ped out to be independent of y 
and dE/'dy turned put to .be independent of 
both X and y. In general, however, dE/d^ 
may depend on both x and y, and dE/dy may 
also depend on both x and y. For rixample, if 
E were described by the equation 

j? = 5a:=-*-52/= + 8a;2,^ f 20, 

differentiation with respect to x would give 



dE 

d^ 



.-10,T + 8?/ 



while differentiation with respect to y would 



fi:ive 



dE 

dy 



- = 10?/ + 8.r. 



In the topographic-map example, dE/d^ 
and dE/dU are space derivatives — that is, 
each describes the variation of in a par- 
ticul ar direct ion in space. In the discussion 



given in this chapter^Ave will use the^"space 
derivative of .head, gZ/./go:, giving the change 
in hydraulic head with respect to distance in 
the X direction. In addition, however, y(ve will 
use the time derivative of head, dh/d^, giv- 
ing the change in head with respect to time, 
if position is held fixed, dh/d^ '^p ^ partial 
derivative, just as is dh/d^, and. it is com- 
puted according to the samenales, by 'con- 
sidering all independent varia£bles except ^ 
to be con^t^nt. We could iti^ fact mrlce a 
"map" of the variation of h/fitd with respect 
to distance an(!l time by laying out coordinate 
axes marked x and t, and drawing contours 
of equal h in this x, t plane., The discussion 
given for directional derivatives in the topo- 
graphic-map example could then be_ applied 
to dh/d^ in this example. 

The partial derivative of head with respect 
to distance, g/z/^o;, gives the slope of the 
potentiometric surface in the x direction at 
a given point, x^ and time, t. This is illus- 
trated in figure iL If a; or t are^varied. then 
in general 3/i/3ai will vary; since the sl>pe of 
the^potentiometric surface changes, in gen- 
eral, both with position and with time. 

The partial derivative of head with resjfect 
to time, dh/dt, gives the time rate at which 
water level is rising or falling — ^that is, the 
slope of a hydrograph— at a given point, x, 
and. time, t. This is shown in figure Hi* Again, 
if X or t are varied, then in general dWd^ 
will vary.- In other words, 3/^/30: is a func- 
tion of- both X and t, and 3/^/3^ is also a func- 
tion of both X and t, in the general case. 

Physically, dh/d^ may be thought of as 
the slope of tho potentiometric surface which 



81 



/ 



PART V. UNIDIRECTIONAL NONEQUILIBRIUM FLOW 



71 



Contour map in x, y plane , showing 
lines along which E. is constant 



Plot of E versus x 
for y = y^ ; Slope of 
gentis_.^^ _at 

the point x^, 



will be observed if time, is suddenly frozen at 
some value. If an expression is given for fe, 
as a function of x and 3/1/30; can be cal- 
culated by differentiating this expression 
with respect to x, treating i as a constant. In 
the same way, 3/1/3* may be visualized as the 
slope bf a hydrograph recorded at a particu- 




Plot of E versus V 
for a; = 3:2jSlope of 

rj, tancent is . 

oy \ 

the point , 2/, 



Potentiometric 
surface 



Slope of tangent 
3fe 

At 

- 3x 
the point x =^ Xy 



Observation wells 




Slope of tangent 

3t ^ 

at the time 4 = 



Hydrograph of 
observation 




Time,t 



Distance, x 



lar location {x value). If h is given^as a;f unc- 
tion of a; and t, an expression for 3^3^ ^^^y 
be obtained by differentiating with reapect 
to t, treating a; as if it were a con3tant. 

In the discussion in Part V the problem is 
restricced to only one space derivative,- 
3/1/30;, and^the time derivative. In the gen- 
eral case, we would have to consider ai! 
three space derivatives — ?^h/'d^, 3V3y» and 



fig.:ii 
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fig. lU 

Sft/Q^: — in addition to the time derivative. In 
such a case, as noted in the discussion at the 
close of Part II, we v/ould utilize Darcy's law 
in a somewhat more general form. When 
flow may. Qccur in more than one direction, 
\ye consider the specific discharge, q — Q/A 
to, be a vector, having the three components 
7^, (7y, and 7^. If the medium is isotropic, each - 
of these components is given by a form of 



Darcy's law, in which the partial derivative 
of head in the direction concerned is em- 
ployed. The expressions for the 'apparent 
velocity components are 




where K is the hydraulic conductivity. 

qs actually represents the fluid discharge 
per unit area in the x direction — ^that is, the 
^Mscharge crossing a unit area oriented at 
/.ght angles to the x axis. Similarly,.. g,, and 
7i represent the discharges crossing unit 
areas normal to the ij and 2 axes, respec- 
tively. The three components are calculated 
individually c;nd added vectorially to obtain 
the resultant apparent velocity of the flow." 
(See figure iv.) 

We now proceed to the programed material 
of Part V. 



1 



— ^- 
♦ 



Q2 



The picture shows. an open tank with an 
inflow at the top and an outlet pipe at the 
base. Water is flowing in at the top at a rate 
Q, and is flowing out at the base at a rate Q2. 

QUESTION 

Suppose we observe. that the volume of 
water in the tank is increasing at a rate of 5 
cubic feet per minute. Which, of the following 
equations could we consider correct? 

Turn lo Section: 

Qi = 5 cubic feet per minute 29^ 

Q1 + Q2 . . ' ' 

; =2.5 cubic feet 'per minute 17 

i 2 

1Qi-Q2 = 5 cubic feet per minute 21 
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Your answer in Section 32, 

Q,-Q,^K , 

, . ■ c^x 

is not correct. Th^ inflow through facr^ 1 of 
the prism is given, according to Darcy's law, 
as a product of- the hydraulic conductivity, 
the head gradient at face 1, and the cross- 
sectional area, hwj, of face 1 ; that is. 



\ a;- 



bsy. 



Similarly, the outflow, through face 2 is given 
as a product of hydraulic conductivity, head 
gradient at face 2, and the cross-sectional 
area of face 2, which is.again bsy; that is 



Inflow minus outflow is thus given by 



\ 1 1 

Q,-Q,=^Kbsy\{ — 



dx A 



In the preceeding sections, we have seen that 
the term 

'dh\ /dh 

can be written in an equivalent form using 
the second derivative. 

Return to Section 32 and use this second 
derivative form in the above equation to 
obtain the correct answer. ^ 



Your answer in Section 30, 



b^yXdx 

is not correct. Darcy's law states that the 
flow through a given plane- -in this case, face 
1 of the prism^ — is given as the p)f-oduct of 
hydraulic conductivity, area, and ifead^^adi- 



ent. Your answer gives the flow as the prod- 
uct of hydraulic conductivity and head gradi- 
ent, divided by area. , 

Return to Section 30 and choose another 
answer. 



Your answer in Section 7, 

dX' "dx 

is not correct. We wish to find the change in 
the quantity ^fe/^x over a small interval, Ao:, 
of the X-axis. We have seen in the preceding 
sections of Part V that the change in a vari- 
able over such an interval is given 'by the 
derivative 'of the variable times the length 



"4 



of the interval. Here, the variable is dWdx 
and the interval is ax; thus we require the 
derivative of 'dW'dx with respect to x BXtd 
must multiply this by the interval Ax. 

Return to, Section 7 and choose another 
answer. 
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Your answer in Section 21 is not correct. 
A falling water level in the piezometer would 
indicate that water was being released from 
storage in the prism of aquifer. The slope of 
a plot of piezometer level versus time would 
in this case be negative; that is, ^h/'Qt would 
be negative, since li would decrease as t in- 
creased. According to the storage equation, 

dV -Qh 
dt - -Qt 



and therefore the rate of accumulation in 
storage, dV/dt, would also have to be neg- 
ative. That is, we would have depletion from 
storage, rather than accumulation in stor- 
age. The question in Section 22, however, 
states that inflow to the prism exceeds out- 
flow; thus, according to the equation of con- 
tinuity, accumulation m storage should be 
occurring. 

Return to Section 21 and choose another 

1 

answer. 



6 



Your answer in Section 21 is not correct. 
If the water level in the piezometer were 
constant with time, a plot of tRe piezometer 
readings versus time would simply be a hori- 
zontal line. Tlie slope of such a plot, dh/dt, 
would be zero.Vrom the storage equation, 
then, the rate ok accumulation of water in 
storage iii'the prison would have to be zero, 
for we would have 



Your answer in Section 16, 
dy 



ax 




is correct. In this case, the derivative itself is 
the variable whose change is required, and 
for this we must use the derivative of^he 
derivative, ^ 

\ dx 
. ✓ 

dx 



dV -Qh 

=SA -SA • 0 = 0. 

dt -Qt 

The question states, however, that inflow to 
the prism exceeds outflow; according to the 
equation of continuity, inen, the rate of 
accumulation of water in storage cannpt be 
zero. Rather, it must equal the difference 
between inflow and outflow. \ 



Return to Section 21 and choose 
answer. 



\ 



nother 



evaluated at an appropriate point within the 
interval. This term is called the second de- 
rivative of y with respect to x, and the nota- 
tion d^y/dx* is used for it. That is. 



d^y \dx / 



dx- 



dx 



dy 



. = slope of a plot of versus x. 

dx 

The terms and notations used iji^he case, 
of partial derivatives are entirely parallel. 
The notation ,32;j/^a;2 represent thf> 

second partial derivative of h with respect 
to Xf which in turn is simply the partial de- 
rivative of dJi/d^ with respect to x. That is, 
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3^ 



= slope of a plot of versus x. 

Again, the partial derivative notation in-- 
dicates that we can expect 3/1/3:1^ to vaiy 
with t (or some other variable) as well as 
with x; 3-/z/3x= measures only itV change 
due to a change in x, all ^other independent 
variables being held constant. 

■ QUESTION 

In Section 9, we saw that inflow minus 
outflow for our prism of aquifer couid be 
expressed in the form 

f/3/^\ /dh 

and that the term 



\3.r 



3x A 



Con." 



7 



represented the change in the hydraulic 
gradient occurring across the prism. If the 
v/idth of the prism in the x direction (that 
is, parallel to the x-axis) is ax, which of the 
following expressions could most reasonably 
be substituted for 

0^ 1 2 \ 3^ /i 1 



3=/^ 3^ 



3^^ 3^ 



Torn to Section: 

4 



23 



Your answer in Section 30, 

is not correct. According to Darcy's law, the 
flow through face 1 should equal the product 
of the hydraulic conductivity, the cross- 
sectional area of the face, and tbe head gradi- 




1 / 

ent at face 1. The cross-sectional area of fac^- 
1 is simply feAt/. " ' ' ■ j 

Return to Section 30 and choose another 
answer. * / 



- Your aYiswer in Section 33, 

f/3/t\ /dh 

l\3^/i \3a:, 
is correct. We may change the term in braces 
to (3/^/3^)2-".(3V3x)i and drOp the nega- 
tive sign to obtain the form ^ 

1\3^/2 \3^/i J / 



9 



The term (3fe/3x)2- (dh/d3o) i represents 
the change in hydraulic gradient from one 
side of the prism of aquifer to the other. We 
wish now to exi>ress this change in hydraulic 
graditot in a slightly different form. 

, (continued on next^page) 
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Vz 
V 





Ay 




- 






' \ 




1 \ 









QUESTION 

In the figure, variable V is plotted as a 
function of an independent variable, x. As x 
changes from Xy to Xn, y changes from 2/1 to 
Vjfidij/dx) represents the slope of the 
plot at a point between Xi and x^. If the 
change in x is small, which of the following 
expressions would you use to obtain an 
approximate value for the change in 

Turn to Section: 

/dy\ 

Vz-Vi^i (a-=-a-,) 16 

/dy\ 

-= I + (x.-x,) 25 

\dx /,-. 

Ay 

l/=-2/i = w(a-:-x,) + 20 

AX 
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Your aiiiiwer in Section M, 

dV ik 

= SatA2/ 

dt -dt 

is correct. (We should note that for a finite 
prism, dh/'dt may vary from point to point 
between the tvvo faces ; and we require an 
average value, which will yield the correct 1 
value of dV/dt for the prism. In fact there is 
always at least one point witJiin the prism at 
which the va!ue of 'dh/'dt- is such an average, 
and we assume that we can meaauTC and use 
'dk/'dt at such a point If we allow the prism 
'to became infinitesimal in size, CTily one value 
of 'dh/'d^ can be specified withip. it, and this 



value will yield an exact result for dV/dt) 
. . — Using the -equation~of-contin^ity-~we-may ^ 
HQW set this expression which we have ob- 
tained for rate of accumulation equal to our 
expression for inflow minus outflow. 

QUESTION 

Which of the following equations ' is ob- 
tained by equating the above expression for 
dV/dt to that obtained in Section 34 for 

Turn to Section: 

= \ 19. 

yh 'dh 
T £iXMj-^S^ — 11 

oh dh 
Tmjsx = 24 

ax at 
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Your answer in Section 10 is not correct. 
We used Darcy's law to obtain expressions 
for inflow and outflow from the prism of 
aquifer, and we used the second derivative 
notation to express the difference between 
inflow and outflow. This led, in Section 34, 
to the equation 

for inflow minus outflow. According to the 
equation of continuity, inflow minus ou'^^ow 
must equal rate of accumulation in storage; 
that is 





We obtained an expression for dV/dt 
through the storage equation, w^hich states 
that rate of accumulation in storage must 
equal tiie product of storage coefficient, sur- 
face (or base) area, and time rate of change 
of head; that is 

dt 9^ 
Substitution of the first and third equa- 
tions into the second will yield the correct 
result. 

Return to ^Section 10 and choose another 
answer. 
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Your answer in Section 34, 

dV S -dh ■ 

dt K -dt* 

is not correct. The storage equation tells us 
that th3 rate. of accumulation of water in 
storage within the prism of aquifer must 
equal the product of storage coefficient, rate 
of change of head v/ith time, and base area 
of the prism. Hydraulic conductivity, if, is 



not involved in the storage equation. In the 
answer which you selected, there is no term 
describing the base area of the prism, and 
hydraulic conductivity appears on the right 
side of the equation. 

Return to Section 34 and choose another 
answer. 



Your answer in Section 16, 

\ dx \ dx /, \dx /,^. ^ 

is not correct. In this case, the dependeiu 
v?>riable, plotted on the vertical axis, is 
dy/dx. As we have seen in preceding sections, 
the change in the dependent variable is given 
by the slope of the graph, or derivative of 
the dependent variable with respect to 



13 



multiplied by the change in x. Thus we re- 
quire the derivative of dy/dx with respect 
to x^in our answer. In the answer shown ; 
above, however, we have only the square of 
the derivative of i/ with respect to x. 

Return to Section 16 and choose another 
answer. , 
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Your answer in Section 22 is not correct. 
It is true that if inflow differs from outflow 



the water level in the prism of aquifer must 
change with time. However, it need not rise; 
if inflow is less than outflow, it will fall. 

Return to Section 22 and choose another 
answer, •. 

; L- 



15 



Your answer in Section 33, 



S 
K 



is not correct. This answer associates storage 
coefficient, 5, with a space derivative of head, 
0/^/3^) = ; this in itself should be sufficient 



to indicate that it is incorrect. In the storage 
equation, S is associated with the time derivi:.- 
tive of head, df^/dt- Again, the answer 
chosen involves only the her^J gradient at the 
outflow face. Since we are seeking an expres- 
sion for inflow minus outflow, we would ex- 
pect head gradients at both faces to be in- 
volved in the answer. 

Return to Section 33 and choose another 
answer. 



16 



Your answer in Section 9, 



[dy 
\dx 



is" correct. The change in the dependent vari- 
able, is found by multiplying the change in 
the independent variable, .r, by the slope of 
the plot, dy/dx. Note-that dy/dx must be the 
slope in the vicinity of the interval Xx to x^'j 




frequently, it .3 considered to be the slope at 
the midpoint of this inten^al. The approxi- 
mation becomes more and more accurate as 
the size of the interval, 0:2 — 0:1, decreases. The 
above equation is often written in the form 
dy 

Ay= -AX. 

^ dx 

(In a more formal sense, it can be '.t;mon- 
st^-ated that if y is a continuous funci;ion of 
X and if dy/dx exists throughout tiie interval 
from 0:1 to JTo, then there is at least one point 
somewhere in this interval at which the de- 
rivative, dy/dx, has a value such that 

dy y2- Vi 



or 



dx Xz — Xi 

dy 

dx 



This is known as the law o| the mean of 
differential calculus. It guarantees that the 
approximation can always be\used; provided 
we are careful about the po{ht within the 
interval at which we take dy/dx» Further, 
since this law must hold no mater'how small- 
. {contv/iUed on next page) 
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the interval {x^ — Xi) is taken, the approxi- _ 
mation must become exact as the interval is 
allowed to become infinitesimal.) 

QUESTION 

Now suppose we measure the slope of our 
curve, dy/dx, at various points, and construct 
a plot of dy/dx versus x, as shown in the 
figure. Again, suppose we wish to know the 
change in dy/dx which occurs as x changes 
from Xi to x^:,. The subscript 1-2 is again 
used to denote evaluation at a point between 
X| and 0-2. Which of the following expressions 
would give an approximate value for this 
change ? 



Con— 



Turn to Section: 




Your answer in Section 1 is not correct. 
The rate of accumulation in the tank does 
depend upon both Qi and Q^^ but not in the 
way that your answer implies. The inflow to 
the tank must be balanced by outflow, by ac- 



17 

cumulation of water iry the tank, or by a com- 
bination of these fi-ctors. 

Return to Section/l and choose another 
answer. 



Your answer in Section 33, 

/g/iX (-Qh 

is not correct. The answer treats both inflow 
and outflow as products of hydraulic con- 
ductivity and head gradient; but we have_ 
seen, in our application of Darcy's law to the 



Your answer in Section 10, 



T 

is correct. This equation describes ground- 
water movement unde- "ne siniple conditions 
which we have as J that is, where the 
aquifer is confined, /* r- ^o tal, homogeneous^ 
and isotropic, and tr ;::riovement is in one 
dire>'*tion (taken here ^ the x direction).^ If 
horizontal components of motion normal to 



18 



problem, that each shouid be a product of 
hydraulic conductivity, head gradient, and 
flow area. 

Return to Section 33 and choose another 
answer. 



19 



* A riaorowB an^f mori* jci^neral development of the ground 
wftter eauat!on !• sriven by Cooper (1966). 



-the X-axis were present, we would have to 
consider inflow and outflow through the other 
two faces of the prism ; that is, the two faces 
norm.al to the i/-axis. We would find this in-- 
flow minus outflow to be 

; The total inflow minus outflow for the 
prism would tl:>^n be (Q^j-Qxa) + (Qvi'^Qyg)* 
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where Q^i — Q-r^ represents the term we ob- 
tained previously, iiL?JAa:A?/(3-7i/3x=). Final- 
ly, equating *ii:s total iTiflow minus outflow to 
the rate of accumulation, we would have 

-d-h -d-h 3/r 
Kb^x^y 4- Kb:^x\y = 5ax at/ 

or, using the notation T==Kh, and dividing 
through by T\x\y, 

-d-h -d-h S -dh 

-dx- 32/= T -dt 
These equations are partial differential 
^ equations; that is, they are equations contain- 
ing partial derivatives. The relation given 
above for two-dimensional flow is a partial 
differential equation in three independent 
variables x, y, and t. For simplicity, we con- 
tinue the discussion in terms of the equation 
for unidirectional flow, 

S -d h 
-dx' T dt 

This is a partial differential equation in two 
independent vstriables, x and t It relates the 
rate of change of head with time, to the i ite 
at which the slope of the potentiometric sur- 

\face, 'dh/'dXy changes with distance. When 
we say that we require a solution to this 
partial differential equation, we mean that 
we are looking for an expression giving head. 



as a. function of position, x, art*?, time, t, 
such that when this expression is differen- 
tiated twice with respect to a: (t6 obtain 
d'^^/'d^') and once with respect to Mto ob- 
tain , the results will satisfy the con- 
dition 

S -dh ' 

3«= T dt 

As with ordinary differential equations, 
there will always be an i;-:!lnite number of 
expressions which will satisfy a partial dif- 
ferential equation ; the particular solution re- 
quired for a given problem must satisfy, in 
addition^ertain conditions peculiar to that 
problem. As in ordinary differential equa- 
tions, these additional conditions, termed 
boundary conditions^ establish the starting 
points from which the changes in h described 
by the differential equation are measured. 

This concludes Part V. In Part VI, we will 
make a development similar to the one 
made in Part V, but using polar coordi- 
nates, and dealing with the problem of non- 
equilibrium flow to a well. Our approach will 
be the same : we will express inflow and out- 
flow in terms of Darcy's law and rate of 
accumulation in terms of the storage equa- 
tion : we will then relate these flow and stor- 
age terms through the equation of continuity. 
We will go on to discuss a particular solution 
of the resulting partial differential equation 
and will show how this solution can be used 
to build up other solutions, including the 
well-known Theis equation. 
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Your answer in Section 9, 

y2'-yi^m(x2-x,) , 

AX r > 

is not correct. If y is plotted as a function of 



X, the change in y corresponding to a small 
change in a; is given by the relation 
Change in 1/= (Slope of curve) 

• (Change in a:), 
where the slope of the curve is measured in 
the vicinity in which the change is sought. 
This follows directly from the definition of 
the slope of the curve. 

Return to Section 9 and choose another 
answer. 
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Your answer i'x Section 1 is correct. If 
water is accumuli ting in the tank at a rate 
of 5 cubic feet per minute, inflow must exceed 
outflow by this amount This is essentially a 
statement of the principle of conservation of 
mass. Since matter cannot be destroye-a (ex- 
cept by conversion into energy, which we 
need not consider here), tlie difference be- 
tween the rate at which mass enters the tank 
and that at which it leaves the tank must 
equal the rate at which it accumulates in the 
tank. Further, because compression of the 
water is not sigTiificant here, we may use vol- 
ume in place of mass. In general terms, the 
relation with which we are dealing may be 
stated as: 

• Inflow - Outflow =^ Rate of accumulation. 
This relation is often termed the equation of 
continuity. 

Note that if outflow exceeds inflow, the 



—Piezometer 





rate of accumulation will be negative — ^that 
is, we ^ill have depletion rather than accu- 
mulation. An important special case of this 
equation is that in which inflo-^*; and outflow 
are in balance, so that the rate of accumula- 
tion is zero. As an example, consider a tank 
in which the inflow is just equal to the out- 
flow. Rate of accumulation in the tank i.s zero, 
and the water level does not change with 
time. The flow is said to be in equilibrium, 
or in the i^tc^iy state. The problems which 
we consido in Part III were of this sort; 
no changes of head with time were postu- 
latcdf so the assumption that inflow and out- 
flow were in balance was implicit. The flow 
pattern could be expected to remain the same 
from one moment to the next. 

Forms of the equation of continuity occur 
in all brandies of physics. In electricity, for 
example, if the flow of charge toward a ca- 
pacitor exceeds that away from it, charge 
must accumulate on the capacitor plate, and 
voltage must increase. In heat conduction, 
if the flow of heat into a region exc^K .^s that 
leaving it, heat must accumulate within the 
region, and the temperature within the re- 
gion must rise. 

QUESnON 

The sketch shows a prismatic section 
through a confined aquifer. Water is flowing 
in the x direction, that iss into the prism 
through face 1 and out of the iirism through 
face 2. A piezometer or oba^orvation well 
measures the hydraulic head within the 
prism. Let us suppose that the volumetric 
rate at which water is entering through face 
1 exceeds that at which it is leaving through 
face 2. The water level in the piezometer will 
then: . 

Turn to Svction: 

remain constant with time 6 
fall steadily 5 

30 
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mai^rial 




Your answer in Section 30, 

Q,^ -XbAl/f — ) , 
\ 3x A 

is correct, {'dh/'^x)^ is the hydraulic gradi- 
ent at the particular point and time in which 
we are interested. We simply insert it in 
Darcy's law to obtain the required flow rate. 

We are dealing with nonequilibrium flow 
here; that is, in general, inflow and outflow 
will not be equal. Flow^ occurs only in the x 
direction; thus the outflow from our prism 
of aquifer must take place entirely w\rough 
face 2, as shown in the sketch. 

QUESTION 

Assuming that outflow differs from inflow 
and that the hydraulic conductivity and 
thickness of the aquifer- are constant, which 
of the following statements is correct? 

Turn to Section: 

The w^ater level in the prism must rise 14 
The hydraulic gradient at face 2 of 
tlie prism must differ from that at 
face 1 of the prism 33 

The rate of withdrawal from storage 
must be given by Darcy's law. 26 
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Your answer in Section 7, 



is not correct. As; we have seen in earlier 
sections of this chapter, the change in a 



dependent variable, over a small interval of 
the a;-axis. Ax, is given by the derivative of 
the variable times the length of the interval. 
Here, the variable is 'dh/'dx and the term 
''dx)/'dx of your answer is certainly its 
Ar We. However, this derivative is not 
n '"'d by the interval along the x-axis; 

thus the an.swer gives only tlie rate of change 
of 'dh/'dx with distance — not its actual 
change across the interyal 

Return to Section 7 and choose another 
answer. 
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Your answer in Section 10 is not correct. 
The rate of accumulation in storage is given 

by V . 



as in the answei* which you chose. However," 
the expression for inflow minus outflow re- 
quires a second derivative, as''it deals /with 



/ 
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the difference between two flow terms, each 
of which incorporates a first derivative. In 
the answer which you chose, inflow minus 
outflow is expressed in terms of a first de- 
rivative. 



Con— 24 



Review Sections 9, 32, and 34 and then 
return to Section 10 and choose another 
answer. 



Your answer in Section 9, 



1/2-2/r 



is not correct. From the definition of slope, 
the change in y can be foand by multiplying 
the change in x by the slope of the curve, 
measured in the interval x^ to x^. In tl .e an- 



25 



swer which you chose, the slope of the cv v.- 
is added to the change in z. 

Re i urn to Section 9 and choose another 
answer. 



Your answer in Section 22 is not correct. 
Darcy's law describes the transmission of 
ground water, not its withdrawal from stor- 
age. The storage equation, developed in Part 
IV, deals with changes in the quantity of 
water in storage. 



26 



Return to Section 22 and choose another 
answer. 



Your answer in Section 32, 

Qi-Q^^Kz — AX, 

is not correct. Your answer includes the 
hydraulic conductivity, if, and the term 



•which, as we have seen, is equal to 



dh\ ^ 



Thus if we were to expand your answer, 
expressing it in the original head gradient 
terms, we would have 



27 




This states that inflow is a product of hy- 
draulic conductivity and head gradient, and 
that outflow is nmilarly a product of hy- 
draulic conductivity and head gradient. We 
.now from Darcy's law, however, that both 
inflow and outflow must be given as prodi:cts 
of hydraulic conductivity, head gradient, and 
flow area. Your answer thus fails to incor- 
porate flow area into the expression for in- 
flow minus outflow. 

Return to Section 32 and choose another 
answer. , 
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Your answer in Section 34, 

dV -Qh 

=5&aj: , 

dt dt 

if? not correct.. The storage equation states 
' taat the rate of accumulation of water in 



29 

Your answer in Section 1 is not correct. 
Some of the inflow to the tank is balanced 
by outflow at the base. In order for your an- 



storage in the prism of. aquifer is equal to 
the product of storage m efficient, rate of 
'"hange of head with ti ,nd base area of 
the prism. In your ai. er the rate c ' ac- 
cumulation is equated to the product of :he 
storage coefficient, the rate of change of head 
with time, and the area, bsx, of one of the 
vertical faces of the prism. 

Return to Section 34 and choose another 
answer, 

\ 

1 



swer to be correct, the\ outflow^ Q^, would 
have to be zero. Oniy iinthat case would the 
rate of accumulation in Ithe tank equal the 
inflow. \ 

Return to Section 1 and choose another 
answer. \ 
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Your answer in Section 21 is correct. Ac- 
cording to the eqTT.ation of co 'itinuity, if in- 
flow to the prism of ^.auifer exceeds outflow, 
water n^ust be acc^-iUiating in storage with- 
in the lirism. According ix> the stor^^e equa- 
tion, if water is accumulatinjr in storage 
within the prism, hydraulic head in the 
prism must be increasing with time. Speci- 
fically, we have 

Inflow - Outflow'- Rate of accumulation,^ 
' ^ dV/dt 

and 

dV dh 

. ^SA 

dt c3 ^ 

where A-is the base area of the prism. There- 
fore, 



* Here a^am we use volume in place of maaa in the equation 
of continuity, even though slisht compression and expansion of 
the water can be a factor contrihutintr to confined storage. The 
chancres in fluid density from point to point In a normal ground- 
water situation are suflScien'Uy small to permit this approxi- 
^ mation. In fact, if this were not the Cft6«. it would not hs 
\ possible to use the simple formulation of atorase coefficient, de- 
\fined in terms of fluid volume, which we have adopted. 



Inflow -Ouf flow -SA . 

\ 3^ 

If the term (Inflow-Outflow) is positive 
— that is, if inflow exceeds! oui^ow~then 
must be positive, and water levels 
must be increasing wnth time. In the above 
equations, we have used the partial deriva- 
H;ive of head with respect to time, ; and 

in the equations that follow, we will use the 
partial derivative of head yiih respect to 
distance, 'dh/a^. These notat: :jns are used 
because, in this problem, head . ill vari" both 
with time and with distance. 



QUESTION ]^ 

The sketch again shows the prism of Sec- 
tion 21. We assume this prism tio be taken 
in a homogeneous and isotromc aquifer 
which is horizontal and of uniform thick- 
ness. Suppose we, let (3/1/32;) i represent the 
hydraulic gradient (in the a; direction, which 
is the direction of the flow) at fade 1 of the 
prism. We wish to write an expr<5SSion for 
the inflow through face 1 of the irism. Let 
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Ti 



Qi — 1 1 

6 

! ; 



Confining: 
material 



: Aquifer 
r material 



US denote this inflow Q,, ?nd let us further 
denote the height cf Uie prism (thickne^.i of 
the a(;uifer) by o. The width of the prism 
normaJ to the x^i^s is denoted At/, the leng-th 
of the prism'-tnong the x axis is denoted Ax, 
and the hydraulic conductivity of the aquifer 
is denoted K. Which of the following equa- 
tions gives the required expression for the 
inflow at face 1 ? 

Turn to Section: 



22 



-K I 3/i 



Your answer ih Section 16, 

\ d'X \ dX / 1 \dX / ,_:: 

is not correct. In the preceding sections we 
saw that the change in the dependent vari- 
able is g?ven by the change, \s:- — %u the 
independent variable, times the derivative of 
tie dependent variable with respect t<> x. 
Here the dependent variable is dy/ ix; but 



31 

\ 

in your answer/we do not have the derivative 
jf this dependent variable with respect to x^ 
— ',ve have, rather, only the derivative of 
with respect to x, * 

Return to Section 16 and choo^e^another 
answer. 



Your answer in Section V, 



AX, 



is correct. This term equivalent to th« term 



provided that we choose a suitable point 
within the interval Xj-Xi at which to evalu- 



32 



ate The product (sVi/^x-) Ax rep- 

resents the elope of a plot of "dh/'d^ versus 
X, multiplied by the interval ^ong the x 
-axis. Ax, and thus give^ the chfinge in 3ft/3x 
over this interval. 

(co7itinved on next page) 
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• QUESTION 

Using this expression for 



jwhich of the followi^ig forms is the correct 
expression for infkfw minus outflow, Q1 — Q2, 
for our prism of aquifer, which is shown 
again in the diagram? 



turn to Section: 

27 
34 

12 



Confining 
material 




33 



Your answer in Section 22 is correct. If we 
apply Darcy's law at face 2, we have ' 



(a 



where at face 1 we had ^ . 

k, b, and Ai/ do not phange.. Thus' if the' out- 
flow, Qj, is to. differ irom>the inflow, Qi, the 
hydraulic gradients at fhe inflow and outflow 



\ 



faces must differ — ^tiiat is, (aft/aa;)2 must 
differ from 



/Using 



,ouest;on 



the expressions we have developed . 
for inflow 'and outflow, which of the follow- 
ing term^' would describe inflow minus out^ 
flow for /Iftie prism? 



Turn to Section: 

18. 



■dh 
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Your ans^ye^ in Section 32, 

• \ ■ ■ r- 

is correcfc. The term 'Kb, representing the 
hydraulic conductivity of the aquifer times 
its thickness, is called the transmissivity or 
tjT&nsmissibility of the aquifer, and is desig- 
nated by the letter T. Using this .notation, 
the expression for inflow minus outflow be- 
comes 

?)X^ . 

Now according to the equation of continu- 
ity, this inflow minus outflow must equal the 
rate of accumulation of T^^ater in sfl^age 
within the prism of aquifer, which is sh^wn 
in the figure. 

QUESTION ' 

We represent the average time rate of 
change of head in the prism of aquifer by 
'dh/'dt and note that the base area of the. 
prism is A==-^x^y. Using the storage equa- 
tion, which of the following expressions 
gives the rate of accumulation in .storage 
within the prism? 

Turn \o Section: 



34 



dV -dh 

dt , ; 3« 
dY S -dh 



dt K -dt 
dV 

dt -dt 
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Part Vi, Nonequilibrium Flow to a Well 

V ■ 



i 



Introdtiction 



In Part V we developed the equation 

3Vi . S -dh . 



for one-dimensional nonfequilibrium flow in 
a homogeneous and ^Jj^otropic confined 
aquifer. We indicated, iii addition, that ex- 
fension to two-dimensional flow would yield 
the equation 



S Zh 
T -Qt 



In Part VI we consider a problem involv- 
ing flow away».from (or toward) a well in 
such ail aquifer. As in the steady-state prob- 
lem of flow to a well, which we considered in 
Part III, we will find it convenient here to 
use polar coordinates.* ;The two-dimensional 
differential equation; 



3^1 yh 



5 3/1 
T -dt 



can be transformed readily into polar coordi- 
nates by using standard methods. However, 
it is both easy and instructive to derive the 



equation again from hydraulic principles in 
the form in which we are going to use it. 
Alier we have developed the differential 
. equation in this way, we will consider one of 
its solutions, corresponding to an instantane- 
ous disturbance to the aquifer. In the ter- 
minology of systems analysis, this solution 
will give the "impulse response" of the well- 
aquifer system. In considering thia solution, 
we will ^rst show by differentiiation that it 
satisfies the ^ven differential equation ; we 
will then develop the boundary conditions ap- 
''^^icable to the problem and show that the 
solution satisfies these conditions. Following 
the programkl section of Part VI, a discus- 
sion in text format has been added showing 
how the 'Mmpiilse response** isolution may be 
used to synthesize solutions corresponding to 
more complex disturbances to the aquifer. In 
particular, solutions are synthesized for the 
case of repeated withdrawal, or bailing, of 
a well and for the case of continuous pump- 
ing of a well. The latter solution, for the par-/ 
ticular cai^ in^hich the pumpinjg rate is 
constant, is. the Theis equation, which is com- 
' monly used in aquifer test analysis. 



+ 



The figure shows k well penetrating a con- 
fined aquifer. A cylindrical shell or prism, 
coaxial with the well and extending through 
the full thickness, 6, of the aquifer has been 
outlined in the diagram. The radial width of 
this cylindrical element is designated Arp 



the inner surface of the element is at a 
radius n from the axisjof the jwell, which is 
taken as the origin of jthe polar coordinate 
syigtem; and the outer surface of the element 
-is at a radius rj from* jthis axis. We assume 
all flow to be in the radial direction, so that 



Well 




.^we need not consider variation in the;vertical 
oT angular directions. We further assume 
that we are dealing with injection of water . 
into the aquifer through the well, so tiiat flow 
is oujss^d, away from the well, in the posi- ' 
tiv^ direction. . The hydraulic conductivity 
of the aquifer; is denoted K, the cransmissiv- 
ity T, iahd the storage coefficient S. ' ^ ■ 

QUESTION 

If OA/3^)i represents »the hydijaulic 
gradient at the inner face of the cylindrical 
element, which of the following expressions 
will be obtained for the flow through this 
face, by an application of Darcy's \aw? 

■/-dh\ 

Q,= -KTrrA^j 34. 
\ 3r ; 
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Your answer in Section 27, 
?>h V 



^ — (Sr3/4Tt) ^ 

47rK 



is not connect. 

You are correct in your intention to. mul- 
tiply the derivative of e-t^'^/*^^) by the ''con- 
sent" coefficient 7/ (47rK) to obtain the 
derivative of the product 

with respect to r. However; your differentia- 
tion of e4<sr*/<^'> is not correct. T^ie deriva- 



tive of e raised to some povi^r is not sim- 
ply e raised to the same power, as you have 
written, but the product of e raised to ^that 
power times the derivative of the exponent. 
^ That' is, v. 



dr' dr 



\ 



' Thus, in this case, we must obtain the derivar : 
tive of the expoi^rnt, - (Sr^y4Tt) , md multi- 
ply e-^^^^^^^^\ by this derivative to obtain the 
'derivative of e- (sr'Mt) with respect to n 
Return to Section 27 and. choose another 

<^ answer. 
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Your answer in Section 35, 

3fe y / Sr= 



7— (sr=/4rn 



ATt- 



is not correct. In your ansv/er, the term 
e-(Sr2/4rf) is differentiated correctly with're- 
spect to time. However, your answer gives 
only the derivative of this factor tJmes the 
first factor itself, V/iA-^rTt). According to 
the rule for differentiation of a product, we 
must add to this the second factor, e-^^'^^^^^^ 



times the derivative of the first factor. 
The first factor, V/iAirTt) was treated as a- 
constant coefficient when wo were differen- 
tiating with respect to r, since" it does not 
contain r- It does, hoAvever, contain t arid 
cannot be treated as a constant when we are 
differentiating with respect to L Its deriva^ 
tive with respect to t is given in the discus- 
sion of Section 35. 

Return to Section 35 and choose, another 
answer. *^ 



4 
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■ Your answer in Section 27, 

dh /-2Sr 

is not correct. * 

When an expression is multiplied by a con-^ 
stant coefficient, the derivative of. the product 
is simply the constant coefficient tinies the 
derivative of ; the expression. For example, 
the derivative i of the expression a;^, with re- 
spect to a:,- is iSa:; but if is "md^^^^ 
the constant cl)efficient c^ the derivative of 
the product, cTf, is C'2x. 

In the question of Section 27, the term 
•^-'(srV4ro is, actually the expression in which 



we. must differentiate with respect to r. The 
term V/i^-TrTtyy represents a coristant coeffi- 
cient— KJonstant. with respect to this differen- 
tiation, because it does :jiot contain r. Thus 
whatever we ,j>bteCiir as the .;,.derivative of 
^'^(SrVATty xnust be multiplied .^y this coeffi- 
cient, V/\47rTt) , to obtain the- derivative of 
the product • / . 




Your" dife of 6-<sr'V4ro ig cor- 

rect, but your answer does n6t contain the 
factor V/(4irTt) and thus cannot beYJorrect. 

Return to Section 27 and ciioose "another 
answer. • 



+ 




Your answer in Section 27, 



4nm 



/-2Sr\ V 



is correct. '/ 

We now wish-to differentiate this expres- 
sion for S^/gr, in order to obtain d^k/'dr^ 
To do this, we treat the expression as the 
product of two factors. The first is the func- 
tion we just different) f»ted, 



the second is 



/-2Sr\ 
. V 4Tt / ^ 



Once again we are differentiating with re- 
spect to r, so that i is treated as a constaint. 
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QUESTION < 

» 

K we follow the rule for differentiation 
of a product (hrst factor times derivative 
of second, plus segond factor times deriva- 
tive of first), which of the following results 
do we obtain for 3=fe/3r'? ^ 



Turn 





V 


















3r= 





g-(Sr=/m) 



\ 4Tt / \ 4Tt } \ ATt I) 

/ -2S\ /-2Sr\ '/ /-i 
{ )+(. ). e-<s'=/«r£) . — 

\ 4Tt } \ 4Tt / \ 4: 

-2S\ /-2Sr\ 



2Sr\ 
4Tt I 



■ / 
to^Saction: 

35 
23 
9 



6 



+ 



lour answer-'ili' Section 18 is not correct. 
The answw^ which you chose states that 
head becomes infinite as rafJial distance be- 
comes small The behavior which we are tryr 
ing to describe is that in which head dies 



out, or approaches zero, as radial distance 
becomes verjr, large. ,. . . . 

> Return to Section 18 and choose another 
answer- ^ 



+ 
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Slope of 

tangent to curve 




Your answer in Section 15, 



is correct. The term 

3r /x 

actually represents the change in the vari- 
able r (3 between the radial limits, n 
and Tz, of our element; If we imagine a plot 
of r(9ft/3r) versus r, as in the figure, we 
can readily see that this diange will be given 
approximately by the slope of the plot times 
(continued on next page) 
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the radial increment, An That is, approxi- 
inately 



•Ar 



•where the derivative 



represents the sbpe of our plot, at an ap- 
propriate point within the element. This 
slope, or derivative, is negative in our illus- 
tration, so that 



(v)>(v); 



The approximation inherent in the above 
equation becomes progressively more accur- 
.ate as decreases in size. 



QUESTION 

" Recalling that the rule for differentiation 
of a product is "^first factor.times derivative 
of second plus second factor times derivative < 
6f first," which of the following ©q[uations 
gives-the derivative of r(aVar) with re- 
spect tor? 



ar. 



Turn to Section: 

4- r\ 26- 



= 27-- 



ar 



■d-h 
)• 

ar* 



28 



8 



_Your answer in Section 7, 



•(f). 



2r- 



ar= 



is not correct. 'We are required to take the 
derivative of the product r(3fe/ar). The rule 
for differentiation of a product is easy to 
remember: first factor times derivative of '. 
second, plus second factor times derivatiye 
of first; that is . 



d{UD) 

dx 



dv du 

V + V 

dx dx 



A derivation of this f oiinula can be found 
in any standard text of calculus. Our first 
factor is r,' and our. second") factor is a^ar. 
Thus we must form the expression : r times'! 
the derivative of 3fe/ar A^th respect to r, 
plus.aVar times the derivative of r with re- 
spect to r. I ' A 

Return to Section 7. and choos/ another 



answer. 



/ 



/ ■ 



/ 




: Your answer in Section 5, 
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9 



is not correct. If we remove the braces and 
separate your . answer into two terms, we 
have 



Z'h V /-25\ /-2Sr\ ^,,,^v4rn / 



. /-2S\ /-2Sr\ V 
.g-isr^ 4rn. ( )+{ -j • — — 



The first term, according to the rule for dif- 
ferentiation of a product, is correct,- since it 
represents the first factor. 



multiplied by the derivative of the second 
(with respect to r) . which is simply 

4Tt' 

The second term of your answer, however, 
is not correct. 

-2Sr 



• ATt 
is the second factor of the product we wish 
to differentiate but 

V 

. g-(SrV4T£). 



47rTt 

does not represent the derivative of the first 
factor. This first factor is itself 



and its derivative with respect to r was ob- . ^ / ; 

tained in ajiswer tb the question of Section Return to &ecti©n' 5 and 

27:. ■ 



V ■ . 



answer. 
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~ Your^ianswer in Section 21 is not correct. 
We established in the discussion of Section 
21 that the. rise in head within the well at 
<.= <J, due to injection of the volume F, would 
be given by YIA^, where A« is' the cross-sec- 

•tionial area of the well bore. If the well radius 
approaches zero, A^r must approach zero- The 
smaller becomes, the larger the. quotient 
V/Ayc must become; for example, 1/0-001 is 



II 



certainly much greater than 1/1. Your an- 
swer, that the head change is zero, could only 
be true if the area of the well were immea- 
surably large, so that the addition of a finite 
volume of wa^ would produce no measur- 
able effect- . 

Return to Section 21 and choose another 
answer. 



"'Your answer in Section 33 is not correct. 
The integration in the equation 

r=rO 

cannot be carried out until we substitute 
some clearly defined^^ function of^ for the 
term hrj- Until this is done, we do not even 
know what function we are trying to inte- 
grate. Bqt even if the integration could be 
carried out and the result were found to be 



12 



then we would be left with the result 



which ciearly can never be s^isfied except 
perhaps at isolated values of r arid t ^ 
' -Return to Section 33 and choose another 
answer, i ^ ; 



. JYour answer in Section 28, 

^SttT- . 

dt zt 
is not correct- The storage equation states 
that the rate of accumulation in storage is 
equal to the product of storage coefficient, 
rate^f change of head with time, and base 
area of the^ement (prism) of aquifer under 
consideration^ Your answer contains the 
Storage coefficient, and the titne rate of 
change, 3^/3^.\ However, the base area , of 
the prism which we are considi^ring is^not 
given by /ttT^ \ ; V * 

This*tprm giv©3 the, area of a circle extending 
from the origin to the radius r; our prism is 
actually a cylindricalvshell, extending from 




the radius, ri to the radius Tj-. Its base area \ 
is the area of the shaded jregion in the figure- 
This region has a radial width of Ar arid a 
mean perimeter of 27rr. \. 

Return, to Section 28 and choose* another 
answer. 
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Your answer in Section 33 is correct. Our . 
proposed solution, giving h as a function of 
randiis ' 
y - 

To test this solution for conformity with the 
required condition we substitute 

V 

/7~(r^S/m7 : 



Substituting these terms in the above 
equation, we obtain : . 



for hrj'in the equation 



r=0 



then 



■ and let . 



dz^Zrdr; 
JS 



^2=0 



The indefinite integral of e-^ is simply 



1 





a 



that is, 



/ 



\and evaluate the integral to see whether the 
^uation is satisfied. The substitution gives 

V . \ 

Constant terms may be taken outside the in-, 
tegral ; in this case, we are integrating with 
respect to r, so t may be treated as a constant 
and taken outside the integral as well- We 
leave the factor 2 under the integral for the 
mom^t and take the remaining constants 
outsid\to give . ^ / ' 

y / ''-~°^e- <-'s/4Tn .2rdr. 

To e<raluate the integral in this form, we 
make use of a simple algebi^ic substitution. 

Let . - ' . _ 



where c is a constant of integration. The in- 
finite upper limit in our problem is handled^? 
by the standard method; the steps are as 
follows 1 

^ \ 

•'2=0 b^oo^ 



6^c 



( 1 


2=6' 




1 






=lim 






2=0. 




a 



but 



( a c^] 



SO that 



lim 



. fzzsco . 1 



Therefore. . 



This verifies thatx)Ur function 



{contimted on next page) 
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actually satisfies the required condition — 
that is, that when we substitute th^s term 
for hr.t in the expression . >^ ; 



r 



and perform the integration, the result is 
actugilly equal to V, the volume of injected 
water, as required by the condition. 

We have shown, then, that the expression 

' V 

satisfies the differential equation for radial 
flow in an aquifer and satisfies a^well the 
boundary conditions associated witn the in- 
stantan^us injection of a volume of water 
through a well at the origin,_ at f=0. It is, 
therefore, the particular solution required 
for this problem. It is an irnportant solu- 
tion, for two reasons. First, it describes ap- 
proximately what happens when a charge of 
water \s suddenly added to a well in the 



m 



+ 



'standard "slug test" (Ferris and Knowles, 
1963) and provides a means of estimating 
transmissivity through such a test.* Second, 
and more importantly, it ^ves the ''impulse 
response" of. the well-aquifer system — the 
solution corresponding to an instantaneous 
disturbance. ^Solutions for more complicated 
forms of di^rbance, such as repeated in- 
jections or withdrawals, or continuous with- 
drawal, can be S3nithesized from this ele- 
mentary solution. Following Section 37, a 
discussion is given in text format outlining 
the manner in which solutions correspond- 
ing to repeated bailing and continuous pump- 
ing of a well may be built up from the im- 
pulse response solution. . - 

This concludes the programed instruction 
of Part ^^. You may proceed to the text- 
format discussion following Section 37. 
Readers who prefer may proceed to Part VII. 

> A subsequent publication (Cooper, Bre<}ehoeft. and Pap&' 
)}6puIo».* 1567) has provided a more accurate description of the 
Actual effect of ^ddih^ a charge of water to * well, by con^ 
?if1erin(f the inertia of the column of wst^r in the well- This 
factor was nciclected in the original analysis. 



Your answer in Section/ 33 is not correct. 
The condition to be satisfied was 



A solution to . our differential equation is by 
definition an expression giving the head, h, 
at any radius, r, and time, tym a form that 
satisfies the differential equation. Here, the 
idea is to test^uch a solution to see if it also 
satisfies the condition phrased in the above 



equation. The solution actually represents 
'|;he head, hr,t I if we substitute it jfor the quan- 
tity \27rr, as your answer suggesfcj, there will 
be two terms, hr.t and our solution, both rep- 
resenting head in the resulting equation. 
Morebyer if the result of the integration 
were 2^S we would be left w|ith the result 
7=27rSVwhich does not satisfy the required 
condition. j > 

Return to Section 33 and choose another 
answer.' \ . ■ • ' ! 



15 



■■).■ 



Your answer in Section 1, 

' \dr/\ 

i?. correct. The terms 2^, if, and 6 are all 
constants; we will denote .the product Kb by 



T, as before\ The variable terms, r and dh/ 
3r, may be ci>mbined and treated as a single 
variable, ri-dhV^r). The value of this vari- 
able at the inner iface of the cylindrical ele- 
ment will be yesigTiated (rdh/dr)i. Using 
these notations^ our expression for inflow 
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through the inner face of the cylindrical 
element is now 



QUESTION 



c Suppose we continue to treat the product 
ri'dh/'dr) 4s a single variable, and let {r-dk/ 
3r) 2 denote the ^lue of this variable at the 
outer face of the cylindrical element The ex- 
pression for the outflow, .Q2, through tiie^ 
outer cylindrical suirface can then be written 
in terms of (r37i/3r)4i in a form similar to 



that for the inflow. Which of rtiife following 
equatiens Voul_d we then obtain for the iji- 
flow minus outflowTQx^^s, for our cylindri- 
cal element? » ' * 



turn to S«c>Son: 
7 



(/ / dh\ 



+ 



Your answer in Section 28, 



dV 



is not correct. The storage equation tells us 
/that rate of accumulatipn in storage should 
equal the proc^uct of storage coefficient, r^te 
of change of head with time, and base area 



\ 



Your .answer in Section 20, 



1 dfi 



V • (-2S 2S2r2 



r .'dr '-A-rrTt 



[ATt. 16TH^ 



is riot correct. sPhe mistake in this answer re- . 
suits from an algebraic error in simplifying 
the second term, of/ the expression for d^k/ 
\ 3rr. Theprpducjt-. 



of Jlie element (prisjm) of aquifer with which 
we ar^ dealing. 0ur element, or ^ prism, of 
aquifer is a cylindrical shelt extending from 
the radius n to the radius r.. Its base area is 
given by theiierm^ 27rrAr. "However, in ,your 
answer this area tenri is divided into "the 
termS(3/i/,30. ' - . 

Return . to^Section 28 and choose another 
answer. 



17 



\ - 



/ -2Sr\\/ -2Sr\ . 



ik not equal to 



2SV 



^turn to Section 20 and choose anotlic^ 
answer. 
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Your answer in Section 21 is carreet ; head_ 
is immeMurably great, or infinite, at the' well 
at t «*0. Taking this result together with our 
requirement that head must be zero else- 
where in thfe aquifer at we may phrasf 
the boundaily condition for ^ = 0 afs follows . 

/ . 00, for r?=0 and 

' ^ Tipp, for r>O and ^=fP. * . 
We now test our solution to ,;see if it satis- 
/ fies this requirement^Probabl3!Ljthe"^6asiest 
' way to do . I this ' is - to eg pand the term 
eV(Sr=/4rt)jn a Maclaurin serines. The theory 
• QT. this type of series expansion is treated in 
standard texts of calculus ; the result, as ap- 
V* , plied to our exponential function, has the 
.^form ;/ - '. ■ 



21 3! 

or for a negative exponent, 



t = 2 



. x^ 
l-fa;J— ^ — -_L*** 



2! 3! ^ 
In our case, x is the term r2S/4r^, and 



e-(r=S/4Tt) : 



.1 ■• 



/r^S \ \4Tt / \4TtJ . 

1+ )+- 

\4Tt/ 21 \3! 



so that 
V 



AirTt 



Now as t iipproaches zero, the first term in 
\ the denominator approaches, zero ; the second 
remains constant; and the third and all 
/ higher terms become infinite, provided^does 
.«axfiyt«aIiQ^P£QacJ^ 
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deripminator is infinite, ';the fractipp as^a 
whole becomes z^ro. Thud the expression 



vestigate the behavior of the function 



47rTt 



-e-(A^/4r/). 



47rTt • ^: 

is zero/tor <=0 xhd Vy^Of and satisff^ rthe 
first part of our condition. 

If r and ^are both allowed to approacj^ 
zero, the first two terms ip . the denominator 
of our fraction will be zero. The third will 
behave in the same manner as th^ffraction 
ci*/fca? behaves ;as a; iapproafihe^.^ero, siijce 
r and i are both approaching. ze^o in the_same 
way. Thie liiyiit of cx^/kx '^B a; approaches .) 
zero is Q, since / 



■ V , ■ ' " . ^ p ■ ■ > 

Therefore the third term in the denominator 
must also approach the limit zero as r and t 
approach zero. By d similar analysis it can 
be skown that the limit of\every succeeding 
term in the denominator is zero as r'aind i 
approach zero. Thus the entire- den6mii^ator" 
is zero, and the fraction as a whole is infinite, 
so that the term \\ 



1. 



is infinite when r and t are both zero, satiMjc- 
the second part of our condition. 

Another and very instructive way to in- 



i^\ to. construct plots of this functioii vei^sus 
r,;for decx^^asinjr ^ ''^'^^ of time. The figures 
show the form thu such a series' of plots ^ 
will take. It m^y be not^ that as time apr 
preaches zero tho functlon^approaches-;^^ 
y^hape of ;a sharp "spike," or impulse,* at r= 
.^'0. Th'fe.shape of these.curves su head 
. distribution which we might sketcli intutive- 
ly, if we w.ei;e^ked to describe th^ respoiis^B. . 
of aij., aquifer to the injection of -a^ 
yolumeW water: It is ^gg^ted liiat^e 
reader constinict a^few of these ^otsf^' in 
order to acquire a feeling for* the t)ehavior. 
of th6 fuiiction. \ . = 

^ \ \' QUESTION X. ^ 

The aquifer is assumed to .be infinite in 
extent^ and lihe volume of water injected is 
Vssumed.to lie small. We would therefore ex- 
pect the effects of the injection to die out at 
gr^t lradial distances from the well. Which 
of th^ following expressions is a mathema- 
tical formulation 9f this behavior and ^^ould 
be used as a bojindaiy condition for ' pur^ - 
problem? \ 

1 ' Turn fo Section:- 

'\ fe->Oasr^co .33 

fe->coas^«) 29: 
y ^. fe->coas^0 ^. 6 



. .Yotir answer in Sectibfr21 is not correct. 
We established fii^the^^^ of Section 

21 that the .rfse^in water level in the well at 
« = 0 shouldxbe givenr ;W^ expyessioii(y^= 
F/:Ato, wh^ A^o^34b^ro5S-secti are^of 
7'the .weirbor^ V is the volume of water 
injected.riri order for h to have,.the instan- 
tapeous va^^el of .1 foot, V, in cubicfeet, 
Wbiftid^Kaye tf^^ to Aw> 

in square Ifeet. However, we ar^ assuming 



+ 



the well to have an Infinitesimally small 

radius/ so that Atr, its cross-sectional area, 

approaches zero. If smaller and . smaller 

valued are assigned to the denomijfiator. Aw, 

: whilfe. the numerator, y, is held consfent, 

the fraction. V/Aia must take on .larger, and. 

larger values:'' * 

■ r-'.- :■■ ■„; ■■•.•■ : ■- .^ : 
- ■ Return to Section 21 and choose another 

' answer.- * ' \ ^ 
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Your answer in Section 35, 

. ' " -dh. V 

r- - 



is correct. If j:he term 
V 



47rTt 



is f iactored from this expression^we have 
^ g-(SrV4rt)): 

•■ ; -dt A^Tt ■■■ Urr- It] 

. and tf .we multiply this equation by S/T, we 
. obtain . . 



_g-(Sr^74rO 



Our expression for 'Qh/'dr, obtained in an- 
swer to the question of Section 27 was— 1— — 

» afi- V- /-2Sr 



The term (1/r) O/i/ar) is therefore given 
by 



1 V 



V 



-V 



r -Qr ' , \4'rt ] 

In .answering the question of Section 5, 
we. saw that the expression for "d^h/^ir- was 



^'h V ( . 7-2SV 
— _)e-(sr=/4r() .(_ ) + 



3r= ,47rn( 



\iTt J \ 4Tt J 



■2Sr 



e7-(Sr-/iTt) 



✓ 

-r2Sr 
ATt 



M \ 
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QUESTION 

Which of the following expressions is ob- 



\ tained for 



y-h 1 -dh 

+ , 

3r= r 3r 



A 



by comlbining the two expressions given ^ 
a^e and factoring out the term 



■d'h 1 


3ft 


Y 

= ug- 


(Srvm)| 


' -S S'r- 
1 +— - 


+— 

2)r^ r 

■d'h 1 


?)r 


4,rri 

Y 

e- 


(SrV4rt)| 


[ Tt . 4TH^ 
'-2S 2S'r' 

!« +^^— 


- — +— 
-d-h .1 


?)h 


4^rt 

. Y 




i 4Tt IGTH^ 
r-4S SV'' 


3r- r 




= - — ::— e- 

4,rrt 


t Tt STt 



Turn to S»ction: 
21 

17 
24 



Your answer in Section 20,, 



1 3fe 



^ . (Sr>/4rt) I 



is correct Now note that^this expression is 
identical to that given ^r (S/T) Cdh/^t) in 
Section 20. Thus we h£ra& shown that if head ^ 
is given by 

V \' ' 

then it is true that \ 

—— 



/ 
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In other words, the expression 



satisfies the partial differential equation^ or 
constitutes one particular solution to it. In. 
fact, this, expression is the solution which 
describes the hydraulic head in an infinite, 
horizontal, homogeneous, and isotropic arte- 
sian aquifer, after^a finite volume of watqr, 
V, is injected, suddenly at ^==0 iiito ^ fully 
penetratiilg well of infinitesimal rotiius lo- 
cated at r=0, assuming that head was every- 
where at the datum prior to the injection— 
that is, assuming h was everjrwhere zero 
prior to ^=0. 

Proof that our function is the solution 
corresponding to this problenn requireis, in 
addition to the dempnstratii^ thaiti it satis- 
fies the differehtiarequa 'fnn, patswf that . it 
satisfies the various boiiifctiiaaT cmirditions 
peculiar to the problem. S^^^ iKHW"^ish to 
formulate these conditions. 

^e charge of fluid is a<^Gtad>1x3^^ at 
the insiant i=0. At this anKfflsix, there has 
been no time available JEor flaiefi to move 
away from the well, into the aq^jlfer. There- 
fore^-at. all points in the atsaa^er «ffiept at 
thsrvvell (thiat i?, except at r-=0>,. fee head 
at s^^O must still, be zero. la.tlie w«E, on the 
ofer hand, the addition 1£he ^ume of 



water produces an instantaneous rise in 
head. For a well of measurable radius, this 
instantaneous head buildup. Aft, /would be 
given by , . 

\ V V y : 

. A/t=— =— — , t ■ . 

where A\o is the cross-sectional area of the 
well bore, and r,^; is the well radius. For ex- 
ample, if Aw is 1 square foot and we inject 
1 cubic foot of water, wa should observe an 
instantaneous rise in head of 1 foot in the 
well; and because headv^aa originally at 0^ 
(datum level), we' can say\that the heacl in 
the well at i = 0 should be l' foot. If A were 
0.5 squar«i-f6ot, the head in the well at ^=0^ 
should be 2 feet; jind so on. 

/ QUESTION 

For purposes of developing thfe boundary 
conditions, we have assumed, the radius of 
our well to be infinitesimally .small— ^that is, 
to "approach , zero. Which of the ' f ollowih^ 
statements describes the behavior of head ; at 
the well at i = 0, subject to this. assumption? 

. Turn to Soction: 

head at the well will be 0 feet at t =^0 10 

. ^ head^ at the v^ell will be 1 foot at t'=^ Oa 19 

head at the well will be immeasurably large' 
—that is, infinite— at «-0 18 



^ Your answer in Section ^ is 3i?t correct. 
The expression obtained i^; ^eeswn 28 for in- 
flow minus, outflow was 



Our expression for dV/dt was 



. dV 3ft . 

— '= S2Trr^r . ' \ 

dt - ^ 

The expression for inflow minus outflow may 
be; equated to that d F/d^, and the result 
simplified to yield the correct answer. ■ 

Hetum to Section's? and choose another 
answer. 
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Your answer in Section 5, 



^'h V /-2S\ /-2Sr\ 



is not correct. The rule for differentiation of f 
a product is : first factof times derivative of 
second plus second factor times derivative of ■ 
first. The two' factors, in this case, are 



4,rTt 



(which'we have'glready differentiated in the \ 
question of Section 27) and \ 

\-.2Sr ' ■ . / ^ ■ ; . . ■. ' .■ \ 

HTt '.I 

The first term of your answer is correct ; the 
first factor. 



is multiplied by the derivative of the.second, 
^hich is- 

■ ■■■ -2S 



4n 



(t is simply treated as part of the constant 
coefficient of r> since we are differentiating 
with respect to r). The second term of your 
answer^-^ however, is not correct; you have^ 
written thk derivative of the first factor asT 



\ 4n / 



Compare this with the correct answer to the 
questioh of Section 27 and you will see that 
it does not represent the derivative of 



^ g_(sr»/4n) Return te Section 5 and choose another 



AwTt answer.' 
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Your answer in Section 20, 



^4S 



is ncit correct. :This answer contains alge- 
braic errors, both in the addition of the two 
terms ' \ 

I- 



and ih the multiplication of the two terms 
'-2Sr\ 



ATt 



Return to Section 20 and choose another 
answer. . . 



Your answer in Section 15, 

is not. correct. The expression for ^inflow 
through the inner cylindrical face wasy shown 
to be / 

AppIying.Darcy's law in a similar lashion to 
the outer cylindrical face, at radms r^, the 



expression for putflo^v through this face is 
faiind to be ' ■ ; . 



Q2 



These two equations may be subtracted to 
obtain an expression for inflow minus out- i 
flow. The radius^ r,; does not disappear in ; 
this subtraction. Ybur, answer, which does: 
not. include racjiiis, must therefore be wrong.[^ 

Return -tp Section 15 and choose another! 
aiijiwer. 



\ 



Your answer in Section 7, 



31 



3/1 \ 

3r / \ 3r / ^h^ 
=r-^ — +— -r. 



' is not correct. The derivative of * product is 
given by the first, factor multEplied by the 
derivative the second, plus the second! 
factor muItipliiEa by the derivative of .the 
first Your first; *enn, aI>o is correct; the 
first factor, r^dmmnltiplied by the deiriyajive 
of 3 Var, althwa^it would be more conven- 
tional t6 ufiSBasecond derivative notation. 



rather than 



/ 



I. 



Yonr second term j'^ however, is ijot correcf. 
The derivative of r With respect to r is iiot 
equal ito r. ' •'. ' 

. Return tS'" Section 7 arid choose ^^nother 
^rnswer: .. .,^\^ " 



ERIC 



■A 



\ 1 



PART VI. NONEQUILIBRIUM FLOW TO A WELL 



105 



+ 



Your answer in Section 37 is correct. The 
basic differential equation for the problem is 



3?-= r 



?)h S 37i 



3r T -dt \ 
In seeking a solution to this equation^ we 
are seeking an expression giving h as a func- 
tion of r and t, such that when 'dh/'dT, 'd^^/ 
and Qfe/gt ar?8 obtained by differentia- 
tion arid substattited into Urns equation, the 
equation is found to be satisfied. For ex- 
ample, consider the function 



4^Tt 

lin which V (as well as S and T) is constant 
and c is the base of natural logarithms. This 
happens to ..be an important f unction in the 
theory of well hydraulics, as we shall see; 
and we wish now to test it, to see whether 
it ^jatisfies the above:differential equation. To 
do this we must fliff exentiate . the exprei^ion 
once with respect to and twice with respe£± 
to t^f these operations are not difficult if the 
rules of differentiation are applied carefully. 
iFirst we will differentiate with respect to 



r; in doing so, we treat t as a constant, so 
that the factor V/(47rTty becomes simply a" 
constant coefficient. In the exponent, as well, . 
the term - iS/4Tt) niay be considered a 
constant coefficient of r=; and the problem is 
essentially one of findings the derivative of 
e-(5/4rt)r= and multiplying'' fMv' h^' the 
constant factor ^ , (477" t) . iim uv.. » /ative of 
a function e"* with respect to a variable r is 
given simply by e^'- idu/dr). Here, « is the 
term - (S/m)r=. — 



/ QUESnON 

Following the procedure outlined aBoye, 
which of tile following expressions is found 

for.37t/3r? - : / ■ / 

•° Torn lo Section: 

3/1- , ^:/.-2SrN 



?)h 



3r irrTt 

3fe K 



V.~2Sr\ 
\ 4Tt / 

- \4TtJ 



3r 4^rt' 



28 



+ 



\::. \ 

Your answer in Section 7, 

/ 



oir- 



3r 



) -d'h 



3r 



3fe 

r + , 

3r= - 3?- 



3s-correct. O^lgt: expression for 
3/1 \ / /dh 



r- — - ) — ( r- 
V 3^/2 V 3T./ i 



may therefore be w;ritten 



Si ^-7.)/ 




AT. 



On't focpression fpr/ inflow minus outflow 
therefore becomjBs/ ./ . / 

// (contimied on next page) 
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^27rT r + — Ar. 

As before^ we wish to equate. this expres- 
man for inflow minus outflow^to the rate of 
aHccumulation of water in storage in our ele- 
ament. The surface area of the cylindrical ele- 
ment is given approximately by • 

The term 27rr is^e T)erimeter ,of a circle 
taken along the midradius of the element^; 
multiplication by the radial width, giy^ 
the surface area, or base area, of the cylin- 
drical shell. 



/ QUESTION ; ^ 

Using this expression for the surface arer 
of the ryHndrical element, ur*^ letting ^^ 
at denot^a the time yate of heau buildup in 
the element, which of the following expres- 
sion^ is obtained for the rate of accumula- 
tion of waterMn storage in the element? 

Turn to Section: 



/ 



dV 

=32irAr 

dt ; ?ii 

dV ?>h . 
— =S,rr=- — , 
dt .3*. 

. :S 

dV. c)t 



37 



12 



16 



dt 27r?-Ar 
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Your answer in Section 18 is /not correct. 
The behavior -^e ^ are trying to describe is 
the disappearance, of the effect of injection, 
at great radial; distances from the wdll. The 
answer which you chose describes'^iead, ^, 



as going to infinity, rather than disappear-, 
ing ; and it describes a restriction on h with 
time, rather than with* distance. . . / ^ 

Return to Section 18 and* choose another 
answer- 




yoiir answer in Section 15, 



is not correct. We established in Sections 1 



and. 15 that inflow through the inner cylin- 
drical face of the "element - is given by 
D^arcy's laws as 



Using>-a similar approach, we can show that 
outflow through the outer cylindrical face is 
given by , . 



V 3r 



Thespt two equations can be subtracted to^ob^ 
tain an expression for inflow^ minus outflow 
for the cylindzical elements 

Return to Section 15 aTtBfechoose another 
answer. ^ 
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Your answer in Section 35, . 



-Qh V Sr- 



-Qt ArrTt 4Tt^ 



^g-(SrV4rt) 



"7 



is not correct. Application of the product 
riile— first factor times derivative of sec- 
ond plus second factor times derivative of 
first^is cdjiiect ; but your expression for the 
time derivative of 6-(SrV4/'.t) is not correct. 



Tveeall that the dex- .uiive of an exponential, 
6", with respect to t is given hye^du/dt. Let- 
ting u represent —{Sr^/ATt), your answer 
gives only 3^/3^ in the place where itishould 
give . •.' 

3W . 



Return to Section 35 and choose another 
answer: 



+ 



- Your answer in Section 3T is riot correct, 
in Section 28, we saw that the expression 
for Jnflov/ minus outflow, could be tvritten 

■'/■■..'. '^■^ 
{ -d'h -dh] 
Qi-Q2=27rr r— + — Ar 

while the expression we obtained, for dV/ 
dt was ^ 

— =S27rf-A?- — . ; 

r-., . dt ■■ . 3* 

/ ■ ■ ■. . • ■. ' ' 

If we equate the terms ' 



( 3Vt -dh] 
2^T r + — 

.1 3r= jdr) 



Ar 



and 



S27rrAr- 



'dh' 



and then divide through the resulting equa-, 
tion by 

27rrrAr,. ' 

we obtain the . correct answer to the ques- 
ticJriof Section 37. . / 

Return to Section 37 and choose another 
answer. 



+ 



Yourrranswer in Section- 18, /i">0 as r^co . is 
correct^rom a mat^iematical point of view, 
we :should perhaps have used, instead, , the 
condition that (3/i/3r)">0 as r»oo. This con-, 
dition is required . as r increases toward in- 
hriitjr, because the cross secf^nal area 6±Acm 
within the aquifer— a cyliBdrical area cro- 
axial with the well — expands toward in- 
/finity. Thus if we were to apply Darcy's law 
to determine the flow of theanjected water 
away from the well, we would obtain the re- 
sult that this flow increases toward an in- 
finite valu^with increasing distance from the 
well, unless we postulated thatNthe iead 



gradient; 3fe/3r, decreased toward zero with 
increasing r. However, the^^condition that Ji 
approaches a 6onstarit„ 0, as^r^«3 implies 
that aVa^'msust also approach i«Wft as r .in-. 
creases ; and: St Sb^ somewhat: easfer condi- 
tion to establish. 

Our task, then, is to show that the junc- 
tion 



.g-(r»S/m) 



EKLC 



satisfies this conflition— that is; we nxBstttest/ 

ilW^: • 
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- this/ function to see whether its value apt- 
^ proaches zero as r approaches^ infinity. It is 
. easy to show that for any finite value of 
. H;ime the condition is satisfied. However, we 
~ are also interested in what happens as t ap- 
proaches iiiSnity along \vith r — that is, we 
would like (Hir condition to be satisfied for 
- all ^times, even those immeasurably large. 
. For this reason, it is convenient to use the 
the series expansion form given in Section 
ISXthatis^ use 



V 



V 



-4-- 



In ordeij/that the fractijon on the right ap* 

-proach zero, it is sufficient that any one of 
the indiiridiial terms in the denominator be- 
comes infinite. If r and t both approach in* 

- finity, the first two terms. clearly become in- 
finite; in fact, tfie remaining terms become 
infinite as well, although "need not show 
this. Ifi one term is infinite, the. entire de- 
nominator is infinite, and the fraction is 

^.zero. ^OT a finite value of i, all terms except 
the fii;st clearly become infiriite as r^oo, and 

. again /.the e3q)ressio|ri' as a whole tends to 
zero. Thus the expression . 



ume of water into an aquifer which is as- 
sumed to be infinite in extent. We have just 
shown that approaches zero at infinite 
time,'as r also becomes infinite; we need only 
show that this behavior holds when r is 
finite. We will show this through direct use 
of the function, although it is also evident 
using the series expansion form. As t be- 
comes infinitely lal-ge the factor 



satisfies thei condition of tending to zero &s7 
J^oo, for any value of tihie. Again, this .can 
be demonstrated by extending the plots de- 
scribed in Section 18 to large values of r. 

W the condition that Ji 

^must approadrzero as '4;ime biecomes infinite, 
- everywhere iiarthe aquifer— that is, th^t the 
-effect of the Jnjection must eyentual^y die 
—out^With iim^ everywhere throughout the 
aquifep^aii^ce -swe jcre injecting; a, finite vol- 



^ 4rrTt 

must approach zero ; the factor 

" ' ; ^ g-.(r'-*S/4n) 

which is equivalent to 



must approach the value 

. 1 . 



or 



if r is finite. But'e*^ is simply 1, so. that the 
product ^ 



4nn 



must approach zero as n5e6omes4nfinitely__ 
large, at any finite value of r. . ' . . (/ 

We now consider the last condition which 
our function should satisfy. In the sketch, 
the aquifer has b6en divided into cylindricaly 
elemeiits of radial width, /^r, coaxial with the* ' 
well. At any given iimfe i after injection, the 
injected volume of fluid, V, is distributed in . 
some way among these cylindrical elements. 
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We assumed h^Sad to be at the dlatum, or zero, 
priox: to injection, so that 7i actually repre- 
/rsents only the. head increase due to the in- 
" jection. From the definition of storage co- 
efficient, the quantity of the injected, fluid 
contained within a given- cjrllndrical element 
win be given by 

where r is the median radius of the element, 
so' that 27rrAr is the base area of the?element; 
hf^t gives the ave;rage head in the elepnent 
(thk is,^t the radius r); at the time in ques- 
tion ; and S is the storage coefficient. (Recall 
the definition, of storage coefficient— the 
volume in storage is. the product of storage 
coefficient, head, and ba,se area.) Now if we 
sum the; volumes in storage in every cylin- 
dricaV element in the aquifer, the total must 
equal the injected volume, V, at any time 
. after injection. That is, . 

where the summation is carried ptit over all 
;of the cylindrical elements in the aquifer. 
Again, it should be kept in mind thBi hr,t 

— repres^eirtff^orfV^^h^'^ 

with the injection, so that its use in the stor- 
age equation leads only , to the Volume of 
water injected, not to the total volume in 
storage. Now sinci; we are dealing with a 
continuous system,/we replace the summa-- 
tion in the above equation by. an integration. ' 



That is, we let the width of ^ach -element ^ 
become infinitesimally small, denoting it. dr^ 
so tjiat the number of elements becomes in- 
finitely great; and we rewrite our , equation 



as 



-r=oo' 



The limits of integration extend-^from r-O 
to r='Oo„ indicating that < the -cylindrical ele- 
ments extend over the entire aquifer.' This, 
equation then is the final condition., which 
our iupction^, should satisfy if it is^in fact 
the solution we are seieWng.. 

QUESTION 

- How do you think our. proposed solution 
t should be tested to see if it satisfies this 
boundary condition ? - / . ; 

■■ * Turn to Soc^iom 

The integration indicated in the equation 
should be cairied out- The j-esult should 
equal. . j 



■ArrTt 

^he expression * 

V 



11 



should be substituted for 

in the equation, and the integration-should 
be carried out ; the result should be 

27rS.'. . \^ ' . 14 

The e3^i)ressibn \- 




ihould be substituted for 

in the equation, and the integration should 
be carried out; the fes.ult should equal; 
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nfour answer in Section 1, 



is not^ correct. Efarcy's law. states that flpw is 
given \by the product of hydraulic conduc- 
tivity,jhead gr'adieiil in jthe direction of flow, 
and ci?6ss-sectional area normal to the di- 
rection of flow. In this problem a& in the- 
stea(jly flow . to a well treated in Part III, the 



direction of flow is the radial, or r, direction. 
An area which is everywhere normal to the 
radial coordinate would be a cylindrical 
area, coaxial with the'^welL That is, the flow 
area that, we require here is a cylindrical 
area— in particular, the inner face t of the 
cylindricar prism shown in Section Ij. The 
area of a cylinder is given by the product 
of its height and its perimeter; 
_ JReturn |to Section 1 and . cho(^e another 
.answer. \. . ■ / •: 



+ 



ERIC 



Yojir anSTrer in Section 5; 

^ i , y { /-2S\ 

' is correct. We no\y wish to diiferential^ the 
equation 

/i= ■. e-'Xsf'ivit) ■■ : 

, . I 

with respect to time, to .obtain an expression 
-for g/i/gi.o In doing this'; ;we consider V^tp be 
a . constant, and treat oui- expression as^the 
product of the two functions oft, , ^ 



and 



V The derivative of 
' V 

■ — —' „ 

4rrTt -ArrT 

with respect to t is 

V ■[ -V 
•t-Sor 




4rrT 



12 1 



-2Sr\ . /-2SrV) 
_ — . ) . e-csr-zm) . \K 

4Tt / ' ' \ 4Tt /) 

To differentiate 

g-iSr'/tTt) 

we again apply the rule 



de" du 
_ dt ^ dt ' 



here u is 



4Tt 



-,or- 



4T 



and its derivative with respect'to t is 

' Srv ^: Sr» 
•i-Sor- 



47 



QUESTION . 

Applying the rule. for differentiation of a 
product, together with the- above results^ 
which of .the. following expressions., is ob- 
tained for > ^ ' '. ■ 
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g- (Sr=/4.Jr() 



Sr- 
iTt- 



■ / Sr^ 

g-(^rV*TO [ 1+ e-(SrV4r(> 

■dt . A^Tt \4Tty 
■Qh V .Sr"- I -V 



9t ^-kTt 4Tt^ 



Torn io 'Section; 

3 



20 
31 



36 



..+/- 



Your Answer in Section 1, 



-Km 

\dr/i 
27rri 



is not correct. Darcy's law tells us that flow 
is given by. the product of hydraulic conduc- 
fivity, head gradient in the direction of flow, 
and cross-settional area normal fo the direc-. 
tion of flow. In- .this Vase, as in the steady, 
state flow to a. well in Part III, the direction 



of flow is the radikl direction and the cross- 
sectional area normal.tp the flow is a cylin- 
drical surface — rthe inner surface of the cyr 
lindricfaV shell shown in Section^.|.. In your 
answer, however, there is no facfbf repre- 

. seriting the area of this surface. Th6 height 
of the cylinder, which is 6, apijeairs in the 

'numerator of yx)ur answer; its . perimeter, 
whiph is 27rra, appears in the derioVninator of 
the answer which you chpse- . . • 

Return to Section 1 and choOse. ancEther 

' answer. . ^ - ^ 
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Your answer in Section--2§'^ 

is correct. Ad before; we will iiext use the 
equation of continuity to link the storage 
and flow equations. 

•v.;- - '\ ' ■ V ' " ■ 

\ .■ QUESTION 

If ^ the exprc^ion obtained for irflo^ 
minus outflow is^juated tp that given above 



for rate of accumulation in storage, which** 
of the fo^owing equations may be obtained? 

;>>^- ^ ' ■• Turn 'to- Section:"'; 

r— — «S ■: . Vv- 22 

2ffr: 3r - 3« ' V / 
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Development of Additional Solutions by 
Superposition 



The differential equation 
-d^h * 1 -dh S 



T -dt. 

is linear in fe; that is, h and the various deri- 
vatives of occur only in the first power — 
they are not squared, cubed, or raised to any 
power except 1, in any term of the equation; 
"Equations^ of this type have the property 
that solutions corresponding to two individ- 
ual disturbances, may be added to obtain a 
new solution^ describing the effect of the two 
disturbances in combination. This is termed 
superposition of solutions; it is a technique 
which is often used intuitively by hydrolo-^ 
gists— for. example when ^calculating the 
drawdown produced by several wells, by add- 
ing drawdowns calculated . for individual 
operation. . 

The solution obtained in the preceding 



programed instruction was developed for an 
injection of fluid at i==0. If the injection 
does not occur at i=0, the term t in the solu- 
tion is simply replaced by At, the time inter- 
val between the injection and the instant of 
head measurement.. For example, if the in- 
jection occurs at time t\ and the head change 
due to this injection is measured at some; 
later time the interval t-t' is^ used in the 
/solution in place of giving ^ 



V 



/ r'S 



Now suppose. two injections occur, one at 
ii' and one at ia', and the head is measured 
at some time t following both injections. Us- 
ing superposition, the head change due to 
the combined disturbances is • 



( 



— ) 

+- 



'^where Vi is the volume injected at ti' and 
Vz is the volume injected at ^2'- . * 

If we consider remoAjal of a volume of 
water^om the well, rather than injection, 
we need only introduce a change of sign, 
taking V sls"' negative. For example, if a 
bailerfuli of wajter is removed at the 
head change at time t, due to this removal is 




4nT(t-t^') 

where Vi is the volupie removed by the 
bailer. . If the well is "bailed repeatedly, as 
ma5^ happen during completibn,- the head 
change due to bailing is obtained by super- 



id 
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posing the disturbances due to each individ- 
ual withdrawal : ' 



\4T(t-U') / 



47rr 

■ ? 



where t is thetlme at which h is measured; 
t/,*2.',*3', * are the times at which the 



where 
i, 

individual withdra^vals are made; and Vj, 
Vzy Vzf * * * Vn are the volumes removed by 
the bailer in the successive withdrawals- The 
**bailer*method" of determining transmissiv- 
ity from the residual drawdown, of a well 
that has been bailed was developed from this 
equation (^Skibitzke, 1963) . 



Pumping 
rate, Q 



time t due to thi§ continuous withdrawal. 




Time 



Now suppose a well is pumped continuous- 
ly during the time interval from zero to i, 
and ,we wish to know the head change at 



The rate of pumping, in volume of water per 
unit time, may vai:y^rom one instant to the 
next.^ The figure shows a plot of pump- 
ing rate verus time for a hypothetical case. : 
Pumping starts at tinle = 0 and extends 
to time = the instant at which we wish to 
know the head change. We consider first the 
head change at t due to the action of the 
pump at one particular instant, i', during 
the course of pumping. We consider an in- 
finitesimal time interval, di', /extending to 
either side of the instant t'\ the average rate 
of pumping during this interval is denoted 
Q{t'). The volume of water withdrawn froth 
the well during the interval is the product of 
the pumping rate, Q(V), and the time inter- 
jval, dt'\ that is. 

Again i negative signs are used ^xo indicate 
withdrawal as opposed to . injection. The 
product Q{t')dt' is equal to th^ area of the 
shaded element in the graph shown in the 
preceding figure; the height of this element 
is Qf,t')f and its width is dt\ The time in- 
ter va.1 bet wen the instant of withdrawal and 
the instant of head measurement is t — V, Us- 
ing the solution obtained in the programed 
instruction for the head change due to in- 
stantaneous withdrawal of a volume, of 
water, the head change at time t dde to the 
withdrawal at is given by 
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The total head change at t, due to the con- 
tinuous withdrawal from zero to t, is ob- 
tained through superposition, by adding the 
head changes due to the instantaneous with- 
drawals throughout the interval fron: zero 
to ^. ^ " ' 



Q(t') 




Time, V 



The figure shows a graph in (Which, instead 
of plotting only discharge versus time, we 
plot the entire function 



versus time. The^area of the elemient at V 
is now 



-Q(i') '\AT(t- 



/ 



dt' 



—thus it is just equal in magnitude to the 
head change at t, caused by the withdrawal 
at t\ If elements of the type shown in the 
figure are constructed all along the time 
axis, from zero to t, the area of each ele- 
ment will give the head change at t due to 
operation of tlie pump during the time inter- 
val represented by the element; the total 
head change at^ t due to all of the instan- 
taneous withdrawals throughout the inter- 
val from zero to t will therefore be equal to 
the sum of these, areas, or the total area un- 
. der the curve from zero to L This total area 
is the integral of the function . 



\4r(t-f) / 



over the interval from zero to that is, the 
total head change is given by 



If— 



-Q{t') 



It should be noted that we are now using t' 
to denote the time variable or variable of in- 
tegration, rather than to specify one par- 
ticular instant. The function being inte- 
grated involjves the difference, t- t\ between 
the upper limit of integration and the vari- 
able of integration. Evaluation of the inte- 
gral will yield a function of the upper limit, 
t, and of r; that is, the head change due to 
the pumping, will be specified as 'a function 
of r and of t (the time of head measure- 
ment.) 

For the particular case when the rate of 
discharge is a constant, Q, the integral equa- 
^{ion can be transformed directly into a form 
suitable for computation. We have 
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t'=t 



\ 4r(t-r) / 



The term —Q/4-rC iis :t e- nstant and 
'Uken outsk?«e th- rr'-^^ r^^l, giving 



. _/ ^ 



-(— ) 

V .ir(f-f ) / 



We introduce th ebraic change of 
variable, 



4T(: n 



We differentiate this expression with respect 
to t\ treating t, at this stage, as a constant; 
this gives 



dt' {4T(t-V)y 4T(t-t;) t-t' 





f ■ r-S ) 




r^S 1 


AT\t-t') 




iT(t-t') 


j r=S j 






I 4r J 


1 AT 



Therefore 



and 



r^S dip 
4T ^2 " 



The value of i/^ corresponding to the upper 
limit of integration; V --t, is 



4T{t-ii) 

'Vhile the -alue of cc^^^i:v?spoi2ding the" 
limit otiritegration.. u" = 0^ is . 



4T{t-Q] m 

We now r-3turn to our i tegral equauion 
^nd substitute \p for 



4r(^-i') 



for 



4T ip- 



and the values obtained above fo/ the limits 
of integration. This ^yes 



r^S -d^ 



4,rr 



4n 



4r 



But since 



t-V \ 4T 
the above integral becomes 



4nT L 



dip. 
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I : 1 : ^ 

0 Lower 
limit 
u 

This integral is called tfc ^ ^jjorassrzial in- 
tegral. It is a function of i: Uowtr 'iinnit, as 
suggested by the figure, whi' \ ^fesissfss. graph 
of the function versus^ >. Tl^i^ area un- 

der this graph is equal to n: xaiiue of the 
integral. The upper limit is riiilinita,- and the ; 
function e~Vt/^ approaches-zero as vl becomes 
infinite-r'the/area under i±e xurve^ or the 
value of the integral, depend^ von.'^ upon the 
point where the lower limiii i s taken— that 
is, upon/^he value of r=S/4Ti, TMs term is 
often denoted Uyin the literatura^, so that the 
equation for head change is of ten ^vrl^^en 




where 

u— 

■ It can be shown that the abow?K^:mt€©ral is 
equal to an infinite series invcolvisjg^thelower 
limit. Specifically, 



/ ' . c j;= 0.5772-ln 



Values of the integral for various valu^ 
of: the lower limit iv***^"*^, VDeen computed, using? 
this series, and t^."!l^ kfed. In the hydrologicc 
literature, the vaine ^ the integral is com- 
moftly referred to sls {u) or **well function 
of w." Tables of W{ versus u are- avail- 
able in the referenc by Ferris, Knowles, 
Bro\yn, and Staliman 1962) and in numer- 
ous other references. In the forms presentasc' 
above, the equations yield the head chanpB, 
or simply the head, assuming h was zero 
prior to pumping. If head was at some other 
comstant level, /io, prior to pumping, the ex- 
pressions are still alid for head change, 
h—K. That is, we h::7e 

- /t-fto = / 4= W {U) 

^ttTJu ^ 47rT- 

where 

■ • 

r-S 

7^ = 

4n 



or in terms of drawdown, lh,-h, we have 



Q e-'* Q 

The result we. have obtained here is 
known as the Theis equation, after C. V. 
Theis who first applied it in hydrology 
(Theis, . 1935). An excellent discussion of the 
significance of this equation in hydrolo^ is 
given in another paper by tTheis (1938) — ^ 

It was recognized by Cooper and Jacob 
(1946) that at small values of u, (that is, 
at large values of t) , the terms following 
InCi^) in the series expansion for 



u'^ 

+2^-- + 

2-2! 3-3! 4-4! 
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III 



■ df 



become negligibly small. In this condition 
the value of the integral is given simply by 



-0.5772-ln(w), 



or 



-0.5772 -In 



r"-S 
4Tt 



The sign of the logarithmic term may be 
changed by inverting ^ the expression in 
bracketSf 



■In 



4Tt 



4Tt 



and the c^stant, 0.5772, may be expressed 
as tlie natural logarithm of another con- 
.stant, 



0.5772 f= In 



2.25 



so that 



~ 01.5772 - In =M( - In { — 

'2.25m /2.25rt 
= 2.aik)g,o 



Thus when pumping has continued for a 
sufficient length of tinte so that u, or r-S/ 
4Tt, is small we may write 



Q 



4^T 



TOO 2JiQ ' 72.25-T^\ 
. / :—diif^ logiol — )- 



2. 
3. 

4. 



This is the modified nc2C'Bj?iiiii3iriaim fisr- 
mula, which forms the basis n^fr^he "'senmisr 
plo^" techniques often used by riydrologfs?^ 
In the analysis of pumping ^^usi Jata. Tbes« 
techniques are generally apapli^f) for vaUieif 
of 2t less than 0.01. 

The Theis equation and tse mcodified ncm- 
equilibrium formula are ei.itrssiely usefDd 
hydrologic tools, provided ,tfer' are used 
within the limits of applicidiK^'rieattablishBd 
hy the assumptions made intfbio^r rierivatiam. 
Eefore leaving this subject, -^V^ A^^ill briery 
review the assumptions thsti: b^Kss been ac- 
cumulated during the course <ci '±iie deriva- 
tion. We first developed the^^sssiimon 

i ■■ 'd'h 1 g/i S 'o^: 

' , ^ ' dr- V T 

by assuming that ; * 
1. The aquifer was. confined; 
There was no vertical flow; 
All flow was directed radially toward (or 

Sway from) the origin; 
S and T were constant^that is, the 
aquifer was homogeneous and iso- 
tropic; V 
5. ThSre was no ai"eal recharge applied to 
the aquifer 
In _writing. the solution corresponding to 
instantaneous discharge or input of a vol- 
ume of water, V, we added the assumptions 
that: ' \ - ' 

6. The aquifer was infinite in extent; 

7. There was np lateral discharge or re- 

charge except at the well 

8. The. head was uniform and unidianging 

throughout 'i:he aquifer prior 'm 

9. All of the injected water was;titeeai into 

storage (or conversely, all Siscfaarg:ed 
water was derived from staortv^). 

10. The well was of infinitesinsBl jradiius. 
Finally, when we integrated ther^bossre scfln- 

tion to obtain the continuous disdfaaaqge stflu- 

tion 



Q /Too e-* 
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we addeitf the comdition rhat 
. 11, The dischar ge, Q, Avas constant through^ 
out dte dvoraxion of pumping. 
These asg ianuii ons shciuld foe kept in mine 
whenever the "I^is equjoxion is applied. The 
assumption thicir all Sow is latenal iraplie? 
that the well ir^iist xuEr^r- ^penetrate the: .aqui- 
fer and that th~:uaquiiei' iiS horizontal. 

if the semilorg: appnmimation is lused, we 
adici the assumssaon zjniEt the time is great 
enough and ramms snnaill enough that the 
term r-SHTt i?; less than 0.01,- and the later 
terms in the series expression for the inte- 
gral can therefere he neglected. 

The Th^js ea:ijatioi.i was the first equation 
to describe- flo'5^'' of waxer to a well under 
nonequilibVium conditions. In subsequent 
work, Papadapulos and Cooper - (1967 
have accounted for the effects of a finite well 
radius; Jacob (1963) and several other writ- 



ers hiMt .eca^iiiined the problem of dis^-^har^e 
from aiarniali 7 ; penetrating ^ells SUtibnau 
(196aa)» I^Tisr '(1963), and numifiarou^ other 
investitriators have utilized* imags iln^^y to 
account ^rr lateral aquifer feaute^iiries; 
Jacob ana I lOhiman (1952> have dis- 
charge at joKstant dra^dowiii, nnxr^ than 
at conHlaiaL tiLte; numeinous- wriufir^-. v»clud- 
ing in p?/':rticuilar Jacdb (1946U-, mintush 
(195£i, 19S0 1967a ISGTb) aatd IHeaitush 
and JziCQl) (:1S55) have treated :rhe prmblem 
of discinarg^s from an aquifer replexisfeud by 
verticuii remirrge through overlying and un- 
derbill!^ strata; and several writers, includ- 
ing Boulton (1954), have attacked the gen- 
eral problem of three-dimensional flo«v to a 
well. Weeks (1969) has applied variau.s as- 
pects of the theory of flow toward weils to 
the problem of determining vercical perme- 
ability from pumping test an^alys^iLS. 
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?^aart ^/II. Finite-Diffeence Methods 



IntroGiCtan 



In preceding chaaaitT ■ have (Considered 
formal ma,'^em3:ii€ZiLii^h:Stmojxs to i;he differ- 
ential equations o:ii grraund-water flow. In 
practice, however, T;e rCTd that such formal 
solutions iire available cmij for a small mi- 
nority of lield proruleEns,, represesatin^? rela- 
tively simple boun.dan^ zfflnditiois:^. In most 



{ranes, we are forced to seek approximate 
^solutions, using methods other than direct 
:aormaI solution. In Part VII, we consider one 
::i::i^i:'h method— the simulation of the differen- 
iitd eQi\^ations by finite difference equations, 
T-^ich in turn can be solved algebraically or 
TCTnerically. 



i 



\^ ^j^tentiomet" 
' surface 

,4-^ ■ 



d 



•iflcquxfer 

■ ." • n ; - ■ 



Three observation wells tap a confined 
aquifer. The wells are arranged in a straight 
line in the x direction at a uniform spacing, 
XX. The water leveis in 'the three wells are 
designated fei, and /12 as indicated in the 
figure. ' 

QUESTION 

Which of the follov/ipg ^iCEfcions gives a 
reasonable approximation fmi- ths derivative, 
'dh/'dXf at point d, midway between well 1 
and well 0? * < ■ 



dx Id AX 



Id 



AX 



Turn to Stction: 

7 
26 
12 
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□ 



Your answer, in Section 3 is correct. 
auESTiorj 

Following" the same contentions, wfaic* ' of 
the follo^ving expressions would serve ; ?. 
finite-difference approxiimation to the ter m 

zx the point hij': 



Turn to Sftdion:. 



c ■ 


2i-h h ^-..,^1 
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dr 
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Your answer i!t Section 15, 

-^-h -d'h /il-f /z.-fft::+/z.,-4^o 



is carrecl. These approximations to c^h -'dX' 
and 3-fe/32/*' can be obtaimed.more fcimially 
through the use of Taylor series expaiasions. 
A certain error is involved in approximating^ 
the derivatives Qy finite diffea^eiDvceji, .smd we 
can see lintuitively thiKt ths>'^ i^rror gem- 
erally decrease as a ^ ^'iiven snrallH- and 
smaller values. 

Now let us place a i-ect;2ngular grid ' in- 
tersecting lines, as shc^TO in the dra/r^ii^n 

y Column 
3 
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over the .r, w pflame. The lines are drawn ad; 
.a uniform spsucmjru a. aird aie :nunibered sue- 
cessivdy frOTd tthe origin. Lines parallel to 
the X-axis are termed rows, while Uties 
parallel to tSser^iz-axis are termed columns. 
The intersections of tthe grid lines aare^ 
termed nodes aJid :are identified t&e 3ium- 
\^rs associated! with the intersectimg ilineij. 
for example, tbe node ^ 4- is that formed by 
the intersectioE of ttiie trSitd column to the 
Tight of the i7/-fflxis _wi& the iourtin row 
above the .r-axisv. The spacin?r a, nsay be 
thought of as ai uitit of meeasurement; the 
mode numbers th^ give tikte number' af lEnita 
(of -'distance of a gpiven nnsBte fnsm the a: ;mid 
7/ zx^^^s. The head giv^^nocBe is indicated 
UHing the no/iSe ajumbssrs for s. fsubscript 
rnotation ; for example, the head at mode 3, 4 
would be indicated hy fc i., 

QUESTION 

Following this conventiir^, how would we 
indicate the head at a rvofsn'. located i units 
to the right of the y axis and / \inits above 
the X axis (that is, ^at the ^point ix-i-a, 
y-a, in the can^^entional Cartesian nots?^ 
tiori)? 

Turn tVKr Swillton; 

14 



hi.. 



2 
5 
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Your answer in Section 2 is correct. We 
next consider the time axis and divide iit as 
shown in the sketch-into segments of length 
At, again numbering the division marks suc- 
cessively from .0, We also introduce a 
third subscript, indicating the time at whick 
a given head value; is observed ; for example. 



Time nod« - 



J J,. 



-1 2 



1 ^ r- 



A,..,^ refers tc ihe ±ead :at the mode u j ^C_the 
^, -W. plane at the ttme^ indicated by the nth 
division mark om the time axis. 



Again assmmnxg OiZ^Ay^a, which of the 
following woiuikL give the actual coordinate 
(distances aire time of measurement asso* 
ciated with the>:n:enn ^ii,j>? / 

I: Turn to Section; 

hi i n = head at x — '> a , v ^ i -^t time ^n^At 

9 



/i,.,^„ = head at.a*= i^Ax^ V^i-c^y, tims=n-c 
■4- 5 6 7 * /iij.,,=head at x ^a, j^^j-a^, tL'ine^'/i. 



23 



10 



^. Your lanswer, hiaja, in Sectioiti 3 is not coir- 
rect. Yam have used the distaiices from ti3^ 
two coordinate axes as subsinripts. Thiat is, 
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^racai havHf ustes' tm, which is^ -.^rtWiMy tOie a: 
€0®rdinaHEe oF tfee node, oir its? (ffiStesnce from 
the y asds, as tcfe fkst subsCTJCv/.i-and you 
hasp^ u^d ja; isriaich is aictrsaaiily "tiffig yt coor- 
diicate cji tliE^iMidte, oir its distece^^from the 
r -axis, isaa ife assciond :subficirrptL'!E%s; conven- 
tion inrsnduiraa l in SectxtHQ ^Sow^^er, does 
luot ha^ti this Ssrm. If tihe ifeiite-^fference 
igrid is supenimiJWHed on "ttie 2:^2/ f^ne,. ^ in 
the sketch, theer the subscript ^icssocaated 
with the vomi r^2d,y^3a is sie/i.ply 2,3; 
the heaii:at tthis proint is designa^sed ^^.i. If 
we numbKV che liifies of the grid in succes- 
sion alms^ effidi OTia, stantim^ ivifS' ^he axis 
2S 0* we can ^bmi the asibsizsiipt iiC a given 
i:^odfe. yor irrid T^is^ssectiDE, br loofesasg at the 
xturrabers assE^^mcd'T to tiae \p^o jsrid lines 
^hiA intessssEt there ; point is at the 
inteESjectnm cjf r/ectical Ene smnb&r 2 and 
horjEDntaliliaieTiumber 3. 

Bsturn to Sa^tion- 3 and djwse another 
answer. 
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Your answ^er in Section 25 is not correct. 
Your formulatSori for the calculation of the 
new value of h,„j in the first step is incorrect. 
The finite^dtiTeirence equation-^ which \ye de- 
veloped stated that the value of. ft,.> should 
be the average of the values of h at the four 
surrounding nci^des, that is 4; 



- -..4 

The idea in the relaxation process is to com- 
pute a ne^v value of ft/.^as the average of the 
previous t.-alues of ft at the four surrounding 
nodes. Thtat is 



/t, y(New Yalue) - — (hi^i ^-f fti^j > 
4 . 

-ffe, ., + ftij^,) (Previous Values). 



i When this calculation has been made, the 
idiea is to compare the new value of ft.j with 
thLprevious value of ft/.^. If these two are 
very/^lose, ever>^vhere in the grid, there is 
no point in continuing the process further,, 
since additional iterations will produce little 
additio^nal change. The solution, in other 
words,! has converged to values of h which 
satisf \^ the difference equation. In the second 
step, therefore, rather than setting Ru equal 
to the^ average of the new and previous 
values^' of ft^j as in the answer you selected, 
Ri^i sliould be set equal to the difference be- 
tween hi j (New Value) and hu (Previous 
Value). This difference may then be tested 
throughout the grid, and if it is sufficiently 
small at all points, the iteration process can 
be terminated. 

Return to Section 25 knd choose another 
answer. 



7n □ 



YoTur answer in Section 1, 



is not correct. In introducing the notion of a 
derivative, it is customary to begin with the 
finite-difference form — that is, to consider 
the finite change in ft. Aft, occurring over a 
finite interval, ^x, along the a: axis. The de- 
rivative notation, dft/cfx, is then introduced' 
to represent the value of the ratio Aft/Ax, as 
Aa: becomes infinitesimal in size. Here, the 
idea is to move in the opposite direction. We 
started with the derivative, dh/?>Xf and we 
wish to approximate it by a ratio of finite 
differences. Moreover, we want an expres- 
sion which applies at point d, midway be- 
tween well 0 and well 1. The finite change 
-inr ft occurring between these two wells is 
K-k,. The findte distance separating them is 
AX. A 

Retui^ to Sectional and choose another, 
answer. 
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Your answer in Section 10 is not correct. 
You have used the correct formulation for 
the forward-difference approximation to 
dh/c>t — ^that is/ 



3* 



- — but your approximation for i'd^h/'d^') 4- 
i'd'h/'dy') is not correct. To obtain an ap- 
proximation for we move along the 
(c axis, holding y constant. In this process 
i, the subscript denoting node position on the 
X axis will change, whereas j, the subscript 
denoting node position in the y direction, 
will remain unchanged. Our result will be 



Similarly, in obtaining an approximation 
for 'd'h/'dV^, we move along the y axis, so 
that i remains fixed, while the ^/-subscript, 
/, varies. The result is 



Addition of these two expressions will 
give the correct . approximation for O-ft/ 
Sa;=) + OW32/=). 

Return to Section 10 and choose another 
answer. ^ 



a- 



EKLC 



9^ 



Your answer in Section 4 is not correct- 

The subscripts i, y, n tell us that head hu,n 
occurs at a. certain node, i,, 3 of the finite- 
difference grid on the X, y plane and at a cer- 
tain point, n, pf the finite-difference scale 
along the^' time axis. The coordinate values 
are found by multiplying the number of 
nodes albng.a given axis by the node spac- 
ing- Alor^g the x axis the node i, / lies a dis- 
^tance i*a from the origin (i nodes, each with 

\ • ■ : , ■ ^ ' • 



spacing a). Along the time axis, the point 
n occurs at a time n'A< (n time marks, each 
at a spacing AO* The same procedure should 
be applied in determining the y coordinate, 
keeping in mind that there are j nodes along 
the y axis between the origin and point i, j, 
and that these nodes fall at a spacing a. 

Return to Section 4 and choose another 
answer. 
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Your answer in Section 4 is correct. On 

each axis, x, y, and t, the value of the inde- 
pen'dent variable is found by multiplying the 
subscript, or node number, by the node spac- 
ing along the axis. Using the conventions we 
have adopted, therefore, the approximation 



-to 

at the time t^n^t, and at the point x==va, 
y^j*a would be given by . 



d^'h yh\ 



4i» 



Now in order to simulate the differential 
equation 



In practical methods of computation, how- 
ever, the approximations 



at the instant t^n^t we require in addition 
an approj^imation jto 'dh/'d^ at this instant- 



or 




The sketch shows a graph of h versus t in 
the vicinity of this time. A reasonable ap- 
proximation to dh/di in ^l^e vicinity of the 
nth time mark would obviously be 

\ 



At 



are often found preferable. H^re, we are 
simulating the derivative at t^nst by, re- 
spectively, a "forward difference" taken be- 
tween the times n-^t and (n + l)-Ai, and a* 
"backward difference," taken between (n— 
1) 'At and n-At The error involved will de- 
pend largely upon our choice of At, and can 
be reduced to tolerable limits by choosing At 
sufficiently small. 

QUESTION 

Using the forward-difference approxima- 
tion to 'dh/'dt given above, which of the fol- 
lowing results is obtained as a finite-differ- 
ence simulation of the equation 



at the point x 
t^nAt? \ 

\ 



S dh 
T -dt 

ia, y^ ja, and at the time 
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^ \ , ^ 

T 



a- 



At 



i,n 



\ a= 



Jjfn □ 



Turn' to S*ctaont 

16 
19 



Your answer in Section 16 is noft jnorrect.. 
For the steady-state condition, B&/Si^O; so, 
our equiiiioiii, 

d^h d^h S 



32/= T afr 

becomes sinrply 



= 0. 



To obtain a finiter-dLff ereoice. -apfExaxiinatioin 
to this- ^^uation, ^ need orfly t^e our fi- 
nite-diCEerence ap5)roxiniatioiL tro ((^^VS^c") 



+ (9^^/3.2/=) set it equal to zero. Our ap- 
proximation to this sum, using the. subscript 
notation associated with the finite-difference 
grid, was* 

This expression can be set equal to zero, 
and the resulting equation multiplied 
through by tSie constant to obtain the 
finite-difference equation which" we reqiiire. 

Retumi to Section 16 and choose aaiother 
-answer. 



Observation 



S^ctKBOtiannetric 




Your ainswcr in Section 1, 



/dh\, 



Ax 



is correct. Similarly the dlerivative at point 
e, midway Wtween well 0 apd well 2 is ap- 
proximated by 

{continued on next page) . 
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QUESTION 



Which of the foirowing expressions gives 
a reasonable approximation for the second 
derivative, ?r.h/'dx', at point 0— that is, at 
the location of the center well? 



-Qx- 2^x 
-Q^h' .hi+^h2-2ho 

{Axy 

fea — /lo ho-- hi 



Turn to Section: 

: 27 

15 



Aa; A a; 



22 



2Aa; 



Your, answer in Section 16 is not correct. 

The finite-difFerence expression approximat- 
ing ' . 

was 

hi^ij+hi^ij+hij-^i + hij^i—4hu 



To approximate the equation^ , 

this' finite-difference expression need only be 
equated to zero. The resulting equation can 
be TAultiplied through byjthe cons tant 

Return to Section 16 .and choose another 
answer. . ' 
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Your answer/ in Section 3 is not cor- 
TfectTrhe sketch shows a diagram of the aJ, 
y plane, with the finite-difference grid super- 
imposed upon it. Node 2, 3 is at a distance 
2a from the y axis (a;?=2a) and a distance 
3a from- the a; axis (y==,3a). That is, the 
node having the coordinates x = 2(i, y—Sa is 
the node 2, 3 ; and the . head at this node is 
desigiiated fea.a. This same rules apply for the 
node in the question of Section 3 which was 
at a distance i-a from the y axis and a dis- 
tance ia from the a; axis. The coordinates of 
this node are:a;=i-a, 2/=/-a. 

Return to Section 3 and choose another 
-answer, .- ■ ■ ' ■ - ;'- 
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Map view 



- Ax— 



Ay 



::^.o Ax = Ay = a 



Observation 
wells 




Potentiometric- 
^ surface 



Your answer in Section 12, 



is correct, if we were to consider, in addi- 
tion, the wells 3 and 4 along, a line parallel 
to the y ax^s (see figure), we woulji similar- 
ly have as an approximation for 9=fe/92/-\at 
point 0, 

. Z^h h3+hi''2ho 

QUESTION ^ 

If the spacing of the Avells in the diagram 
is uniform— that is, if Aa; = A2/ = a-^which of 
the following expressions may be obtained 
for 

4^ Turn fo Stetion: 



ace* 32/' a' \ 



Cross section along V axls^ 



— ^ — '■ 
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Your answer in Section iO is correct. Note 
that the equation which we have obtained is 
actually an algebraic equation, involving the 

terms ^i-.i,i,n> fe|+l,/,mfeu-.i,n> ^U+l,Mfeu,n> and 

that is, we. have simulated a differ- 
ential equation by an algebraic equation. If 
the values of head are known at all nodes 



of the X, .2/ plane for some initial tiriie)vi='0, 
then ^ the head value at each internal Wde. 
for the succeeding time,.*=l'A*, can be^y ob- 
tained by applying the equation we have just 
obtained at theXtwo times 0 and (n==0 



and n= 1) . This would give 
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This eciuation is applied in turn at each \ 
internal node of the plane and solved for 
feu.i at each point, using the appropriate, 
values of )i from the t=0 distribution. Ad- 
ditional conditions must be giveii from 
which head values at nbdes along the bound- 
aries of the x,ij plane at the nev\^ time can 
be determined. When the head values are de- 
termined throughout the plane for the new 
time (n = l), thb procedure may be repeated 
to determine head values at the next point 
on- the tim6 axis (71 = 2) ; fand so on. 

This is termed the explicit procedure of 
solution. It suffers from the shortcoming 
that if td is chosen too large, errors may be 
introduced which grow in size as the step- 
wise calculation proceeds, so that for large 
values of time the' solution bears no relation 
to reality, even as an approximation. To cir- * 
cumvent this .difficulty, other schemes . of 
•computation are often used, some involving 
the backward-difference approximation to 
and others involving entirely differ-. 
ent simulations of the differential equation. 

Many of these schemes of solution' involve 
iterativ:e techniques, in which the differences 
between members of an equation are^ suc- 
cessively reduced by numerical adjustment. 
These techniques are sometimes termed re- 



Jaxatiori methods ; they are of sufficient im.- 
portance that it wiir be worthwhile to sjee 
how they operate, through a simple example. 

Suppose we are dealing with a problem of 
two-dimensional steady-state ground-water 
fJow^ For. a steady state situation, the term 
of our differential equation, and 

therefore the term 

' / 

of our finite-difference equation, is zero.' The 
differential. equation is simply 

QUESTION 

Using the notation developed above, but 
dropping th^ third subscript since time is 
not involved, which of the following would" 
represent a valid finite-difference approxi- 
mation to ihis steady-state equation? 

Turn to Section: 
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Your answer in Section 25 is correct. If 
• we were to "flow chart" the relaxation pro-' 
cedure for solution on a digital computer, * 
we would have to incorporate these, steps .- 
An some way.^ \^ . 

Numerous other techniques exist for the . 
numerical solution of the differential equa- 
tions of flow. The efficiency of various meth- 
ods, in terrns of computational labor or ma- 
chine time, varies widely depending upon 
the problem under study. Care must be ex- 
ercised in selecting a method that is vwell 
suited to the problem, or unreasonable in- 
vestments of time and effort may be re- 
quired to obtain a solution. 



In this discussion we have given only, a 
brief indication of the way in which numeri- 
cal methods may be applied in ground-v^ater 
hydrology. Numerical analysis is a broad 
and . complex field in itself. Interested 
readers will find^ an extensive literature deal- 
ing both with theory and with, a wide range 
of applications. Examples of the use of nu- 
merical techniques in ground water may be 
found in the worjc of -Prickett and Lonriquist 
(1971), Stallman (1956), Itemson, Appel, 
and Webster (1965), Pinder and Bredehoeft 
(1968), Rubin (1968), Bredehoeft and 
Pinder ( 1970 ) , JFreeze* ( 1971 ), Prickett and_^ 
Lonnquist (1973), /Trescott, Pinder, and 
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Jones (1970), Trescott, (1973), and many 
others. An excellent summary of numerical 
methods as applied in ground- water hydrolo- 
gy is given by Remson, Honiberger, and Molz 
(1970). . / 



You have completed the programed in- 
struction of Part VII. A discus^on giving 
f lirther details of some of the ^andard fin- 
ite-difference techniques is /presentied in 
standard text format following Secti^on 28. 



28 



Your answer in Section 2 is not correct. 
• The sketch shows the five- well array which 
we used earlier to develop an approxiraatia 
for i'd^'k/'dX') + 0=ft/32/')» but with the 
wjells now redesignated according to /the 
scheme of subscripts associated with/ our 











— 1,; hi 




■ L- — a ^ 




I 


i,y-i 




L 



□/□ 

/4nite-difrerence grid. The head at the^ central ^ 
well is designated rather than /to; the' 
heads at the two wells along the a* axis^e 
hi^ij and hj^j, rather than hi and Ttsi and 
the heads aj/ the two wells , along tlie 
are desigi)^ted Ki^i and hij^u rather th^n^ 
Jh and hii Our previous expression for 

was 



a' 



The question only requires that this be 
translated into the notation associated with 
the finite-difference grid. 

RiBturn to Section 2 and choose another 



answiir. 
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Your answer in Section 10 is not correct 
Your approximation for {y^i/'dx^) + Cd^h/ 
'Qy-) is correct, but/you have not used the 
forjvard-difference/formulation to approxi- 
mate 3^/3^, as/required by the question. 
The approxiniauon which you have used, 

is /normally a more accurate approximation 
to Zh/'dt at % ], n, than is the forward-dif- 
. / f erence formulation, since the difference is 



taken symmetrically about the point at 
which is to be approxipiated. Un- 

fortunately, however, it is not always as 
useful in the calculation of actual numerical 
solutions as is the forward-di|f erence or 
backward-difference formulation. These for- 
mulations are unsymmetrical in the. sense 
the difference is measured entirely to ^ one 
sidejqrjhe other of the time which 
is the insfant:at-~which^3/t/3 is to be ap- 
proximated ; but they afe^better suited to 
many techniques for computing solutions. 

Return to Section 10 and choose another 
answer. ; ; 1^ ^ . 



140 



ERIC 



130 



TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 



Figure A 



V 
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Your ans.wer in. Section 2 is not correct. 
The upper part of the figure shows the ar- 
ray which we used ..in developing our . finite- 
difference approximation for {'d'^h/'dX') -f 
(3^ A/32/") • The well' at the center of the ar- 
ray was labeled 0;- the surrounding' wells 
were labeled as indicated. The expression 
we obtained for 

was V ' 




Using the notation introduced for our finite- 
difference grid, shown in the lower part of 
the figure, the well at the center of . the ar- 
ray would be denoted i, the remaining 
wells would be designated: i— 1, /; t-hl, j\ % 
7 — Is and i, as shown. It is simply a 

matter of substituting these designations 
for the diesignations, 0, 1,12, 3* and 4 used in 
our earlier development. ; 
. Return to Section 2 and choose another 
answer. 



Your answer in Section 25 is not correct. 
Your initial step, giving the formulation for 
computing the new value of it^j using the 
previous values of ^u-i/ and 

hij^u is correct. However, your second step 
is not correct. The idea is to continue the 
process until the difference between the pris- 
vious value of A<j and the new value of hij 



becomes very small everywhere in the grid. 
Thus should represent the difference be- 
tween (New Value) and (Previbus 
Value) ; and . the process should be continued 
until \Rij\ is negligible throughout the grid. 

Return to Section 25 arid choose another 
answer/ ) 



PART VII. FINITE-DIFFERENCE METHODS 



131 



22 



Your answer in Section 12, 

i 



hn-ho ho — hi 



AX 



AX 



2^x 



is not correct. The numerator in your an- 
swer gives the diffei'ence between two 
terms : Ou - /io) /Ax, which approximates. 3 V 
2>x at point e; and {ho-hl)/^x, which ap- 
proximates 3/i/3x at point d. 



Observation 
wells 



^ Confining \ 




:Aa:- 



0 

AX 



Potentiometric 
surface 



I 



.Aquifer-. 



The numerator thus represents the differ- 
ence 



3x /, \sx /d 



that is, it approximates the change in 3/i/3x 
between point d and>. Thus if it were di- 
vided by AX, the interval between points d 
and e, we would have an approximation to 



Sx. 



that is, to:3Vi/Sa:= at the raidpoiitV. 0, of tine 
interval between d and e. In tfee ^;yswCT- 
which you selected, however, the qwB£ity 

■ ' hn — ho ho — hi 



AX 



AX 



is divided by 2ax, rather than by Ax. 

Return to S(Bction>rl2 and choose another 
answer. , 
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Your answer in Section 4 is not correct. 

The coordinate of a point, in space or time, 
. is fjound by multiplying the number of nodes 
between .fBe origin and the point in question/ 
along' tne Appropriate axis, by the node 
spacingvalorig that axis. Thus the x coordi- 
nate oj^ node i, /, n, is x=i-a,'^since there 
are z nodes along the x axis from the origin 



to U j, and the node spacing -is a. The same 
procedure may be applie'd along the y and t 
axes, 'keeping in mind that the node spacing 
along the y axis is a, while that along the 
time axis is Ai; 

Return, to Section 4 and choose another 
answer. 
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Your answer in Section 15, 

is not correct; The approxiTnate expression 
which we obtained for d^h/dx^ was 



. ■ ^1+^2-2^0 

or, since we have taken ^x—a-,^ 

. fei+fe2~2feo 



The expression given in Sectkjn 15 for yk/ 
-Qy- was . 



or again, since we have taken Ay -a, 

These two expressions need only be added 
algebraically to obtain an approximation for 

Return to Section 15 and cboose another 
answer. 



25 



Your ssnswer in Section 16 

is correci:;. To solve this by an iteration tech- 
nique werrewrite the equation in the form 

1 

■ • 4 

and we divide the x, y plane into a grid 
as shown in the sketch, with the grid inter- 
sections forming, the nodes at which we will 
compute values of ft. Iri^the form in which 



r 

\. 3 
2 
1 













/ 

/' ■ 

■/ 




■ ■/ 





12 3 : z— 1 I /H-l 



we have written it, it is easy to see. that 
what our ' equation aiftuaily says is that the 
head at each node must be the average of 
the heads at the. -four adjacent nodes: We 
begin by entering known values of head 
along the boundaries of the grid— that is, 
by applying the bpundary conditions. We 
then insert assumed values of ft at each in- 
terior grid point.. These initial values of ft 
may be anjrthing we wish, although a great 
deal of work can be saved if we can choose' 
them in/a way that, roughly approximates 
the filial head distribution. W?4hen move 
through the grid, in ^any order or direction, 
and at each interior node cross out the value., 
of heaid, writing in its , place the average of 
the ,head values at the fo^r adjatsent nodes. 
At each node we.note .not. only the new value 
of ft, but the change in ft., froin the initial 

/ value, resulting from the ijcalctilation. When . 
we^liave; completely traversed the grid, we 
start again, and proceed liirough the )grid in 
the same way, replacing each ft value^by the 
average of the heads at the four adjacent 
nodes, and noting the chanjge in ft that this 
causes. Afteir a number of repetitions we 

. will find that the change in ft! caused by each 
new calculation becomes very sniall— in 
other words, that the value of -head at each- 
point is already essentially equal to the aver- . 



PART Vll. FINITE-DIFFERENCE METHODS 



133 



25°'° -Con. 



age of those at the four neighboring points, 
so that inserting this average in place of h 
produces little or no. additional change. At. 
this point our head distribution represents, 
an ./approximate 'solution to our difference 
equation and thus to the differential equa- 
tion which the difference equation simulates. 

The 'J)«^ocess just described, as noted ear- 
lier, is an example of a relaxation tecfanique- 



Iri general, since the head at each node is 
used in calculating the head at each of the 
four surrounding nodes, several complete 
traverses of the grid may be required be- 
fore the changes/in head are everywhere 
sufficiently small. This method can readily 
be used in hand calculation; it is also well 
adapted to solution by digital computer. 



QUESTION 



Which:of theifollowingwouldyou 4oose..as a -^^^ description of the method of 

calculation described above? 



Turn to Section: 



ku (N«w|value),=i-(7i,_,,i-l-ai+i.j+'t<.i-. (Previous Values) 



/ 1 



i2, J =7t(,y (New Value) -7iu (Previous Value) 
Cqntinue calculatic/n until \Ru\^0 for all points in grid.' 

ft,,(N^W Value) =-^(/t.-i., + 'i<+i.i + 'iu-.+Vi+i) (Previb 

\ /e,,,=7t,j (New Value) 

Continue calculation uiitil |i2uH0 for all points in grid. . .. 

/t,, (New Value) =^(/ii+t.,--7^<-..i + 'iu+i-7t<./-.) (Previous Values) 



4 'I / , 

lu.i (New Value+7t(,;)(Previou3 Value) 



Continue calculation until |fi<.,HO for all points in grid. 
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Your answer in Section 1, 



[ A doc /d 2Aa; 



is not correct. This answer would be a rea- 
sonable approximation for the^ derivative at 
point 0,\iTi the center of the array, because 
it gives ^he ratio of a change in h, hz-hu to 
the„corresp 
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PcAientiometric 
surface 
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over an interval which is centered at 0. For 
the derivative at point d, however, midway 
between well 1 and well 0, we can do a little 
better. The change in h over an interval 
centered at d is simply ho-hii &nd the cor-- 
respbnding_ interval of distance is simpjy 
Aa;. [ ■ , 

Return to Section 1 and choose another 
answer. \ . . ■ ^T" 



Your answer in Section 12, 



\ 



is\not correct. h2—hi gives the change in k 
between points 1 and 2, and 2Aa; ogives the 
disiiance between these points. Thus the term 
(/^2 — /^i)/2Aa; is an approximation to the. 
first derivative, 'dh/'d^f at the midpoint of 
the distariice interval— -that is, at point 0. 
The questiohx^howeyw, aste^d for a term ap- 
proximating the second derivative, 
at this point. The second derivative is ac- 
tually, the derivative of the first'derivative; 
that is 




. 3a; \^ 

^ To obtain a finite-difference expression for 
this^term, we must consider tlrfev^hange in 
the firat derivative, between, two 

. points, and niust divide this change in 
3a; by the distance separating these two 
points. We have seen that 3/t/3a; at point d, 
midway- between wells 1 and 0, can be ap- 
proximated by the expression (fto~'ti)/Aa?;. 
and that 3/t/3a; at point e, midway between 



Observation 
wells 





■ Aquifer'-. ■ 

^A'i'^rl'' 



•otentiometric 
^surface 



0 .e. 
Ax 



wells 0 and 2 can be approximated by the 
term (/ta — /to) /Aa;. Points d and e are them- 
selves separated by. a distance Aa;, and point 
0 is at the midpoint of this inteirval. Thus if 
we subtract oUr approximate expression for 
'dh/'dx at d, f rom that fon3/t/3a; at e, and 
divide the result by the interval between d 
and e, Aa;, we should obtain aiv expression 
for 92/t/3a;2 at point 0. 

Return to Section 12 and choose another, 
answer. • 
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Your answer iii Section 15, 

/is not correct. The term -2h^ appeared in 
the numerator of both of our approximate 



expressions — ^lat for anccthat for 

32/^/32/^ When\ we add these :^o ex- 
pressions to obtain an approximsiion for 
{?>''h/'dX') '+ these terms in h 

do not drop out; 

Return to Section \^ and chobsif another 
answer. 
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Techniques of Finite-Difference Solution of the 
Ground-Water-Flow Equation 



Certain techniques of numerical solution 
which are commonly used in ground-water 
modeling are described in the following dis- 
cussion. No attempt has been made; to dis- 
cuss such topics as stability or rate of con- 
vergence in theoretical terms; the rbader is 
referred to* the paper by Peaceman and 
]Rachford (1955) for discussion of these sub-, 
jects. Sinlilarly, no attempt has been made 
to give the details of the programiiVg pro- 
cedure. The p«ip6rS)y Prickett and lionnquist 
(1971) aimlyzes some typical programs and 
^ in addition provides an excellent isummary 
of the.hydrologric and mathematical founda- 
tions, of digital modeling ; the paper by Tres- 
. cott ( 1973) describes a versa tilej program 
for areal aquifer' simulation. The discussion 
presented here is limited to a description of 
some of the common techniques pf approxi- 
mation and calculation. ^ 

Tn Section 10 of Part/ VIJ we introduced 
two methods of approximating the time de- 
rivative, in finite-difference simulations of 
tlie ground-water equation. One of these was 
termed the forward-difference approxima- 
^tion, and one the backward-difference ap- 
proximation. Figure A shows a plot of head 
versus time which we may use to , review 
tfiese approximations. The time ja-xis is di- 
vided in^ intervals of length Ai. The head/ 
at" the end of the Tith interval is | termed K ; 
that at the end of .the preceding: interval is' 
termed ftn-i; and that at the endj of the sub- 
sequent interval is termed ft„+i.\We wish to 
approximate "dh/dt at the end of the nth in- 
terval, that is, at the time n^t If we utilize 
the head difference over the subsequent time 
interval,, we employ the forward-difference 
"^approximation to the time derivative; if we 
utilize the head difference over Ithe preced- 



ing interval/ we employ the backward-dif- 
ference approximation. The forward-differ- 
ence approximation is given by 



3^ / rist 



(1) 



Where idh/dt) represents the derivative 
at time nAi. The backward-difference ap- 
proximation is given by ^ 



/ 



(2) 
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Forward-difference sirr 

' The ground-water-flow equation, as it was 
given in Part V for two-dimensional flow, is 

(3) 

' zx\ ay T dp 

where iS represents storage coefficient and T 
tr£.nsmissivity. In order to simulate this 
equation using either the forward-difference 
or backward-difference formulation, .we 
would first write an approximate expression 
for the term 



lotion: Explicit solution 

at the time:ii^t — that is, at point n on the 
' time axis of figure A. Thus the forward-dif- 
ference simulation is characterized by the 
fact that we approximate dhj^t over a time 
interval which follows the time at which we 
approximate \d'h/d^'') + 0'Va2/;)> 
whereas the backward-difference simulation 
is characterized by the fact that we approxi- 
mate dh/'dt over the time interval which 
precedes the time at which we approximate 
id^h/'dz'') +0=/i/a2/'). In the question of 
Section 10, Part VII, we obtained the follow- 
ing forward-difference simulation to equa- 
tion 3 : 



where a is the node spacing, iS is the Stor- 
age- coefficient, and T is the transmissivity. 
We wish to know the new value of head at 
the time (n-hl)M for the point i, j. Figure 
B shows the computation stencil for this 
simulation ; the head at node i, j at the time 
'(n+D A^ depends on the head in a five-node 
array at the preceding time, n^t. The five 
values of '7^ at the time n^t are all known. 
We ileed only to rearrange the equation, solv^ 
ing; for and to insert the. known 

PiGlrRE B 

I # 



T At 



values of /^-i.y.n* /ti+ij.n> ^u-i.n> ^<j+i.n> ^nd 
hij,„. There is no need to use simultaneous 
equations; the head at each node is com- 
puted explicitly, using the head at that node 
and the four h(^ighboring nodes from the 
preceding time. The sequence in which we 
move through the rc, y plane, calculating new 
values of head, is immaterial. The solution'at 
one point does not require information on 
the surrounding points for the same time — 
only for the preceding time. For all these 
reasons, the forward-difference technique is 
comjputationally simpler than the backward- 
difference technique. " 
■ However, as we noted- earlier, the forr 
ward-difference method does suffer from a 
serious drawback. Unless the ratio Ai/a^ is 
kept sufficiently small, errors which grow in 
magnitude with each step of the calculation 
may appear in the result. More exactly, let 
us suppose that an error of sonie sort does 
arise, for whatever reason, at a certain node 
at a particular time step. Unless the ^ ratio. 
At/a^ is sufficiently small, this error will in- • 
crease in magnitude .at each succeeding tinie 
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step in the calculation until eventually tVe 
error completely dominates the solution. Tt e 
term "error," as used here, refers to any di:> 
f erence between the computed head at a 
node i, / and time n^t, anfl the actual value 
of head — that is, the value which would be 
givdn by the exact solution to the differential 
equation at that point and time. Such errors 
are inevitable in the ^normal application of 
finite-difference methods; they generally ap- 



pear throughout the^meslf in the first steps 
of the calculatioti. If the restriction on A^/a^ 
is satisfi^fl^these errors will tend to die out 
as the computation sequence continues ; the 
solution is ^hen said to be stable. If the re- 
striction is not satisfied, the errors will grow 
with each succieeding time step and v^ill 
eventually destroy any si^ificance which 
the solution might have; in thiS; case, the 
solution is said to be unstable; " 



Backward-difference simulation: Solution by iteration 



Because of this limitation in the forward- 
difference approach, attention has been 
given . to a variety of alternative methods. 
One of these is simulation of the differential 



equation 3 through use of the backward- 
difference approximation, to the time deriva- 
tive as given in equation 2. The resulting 
■finite-difference equation is 



At 



(6) 



Figure C shows a diagram Qf the compu- 
tation stencil for equation. 5. T^he time de- 
rivative Is simulated over an interval which 
precedes the time at which ('^h/'dx^) + 
i^^h/'dy^) is simulated; the equation incor-. 
porates five unknown values of head, cor- 
responding to the time nAt, arid only one 
known value of head, corresponding fx) the 
time \ (n-1) At. Clearly/ we cannot obtain an 



Figure C 




explicit solution to a single equation of the 
form of equation 5,^the way we could to a 
single equation of the form o| equatipn 4. 
We can, however, write^an equation of the 
form of equation 5 for each node in* the z, y 
plane ; then since there is one unknown value 
of head (for time t=nAt) at -each node in 
the plane, \ve will hay^a system in which the 
total number of equations is equal to the totel 
number of unknowns. We should therefore 
be able, to solve the entire set as a system of 
simultaneous iequations, obtaining the new 

• yaliie of hij^^ at. each node, The only draw- 
back to this approach is that a great deal 6f 
work may be involved in solving the set of/ 
simultaneous equations; offsettirig 
drawback is "^the advantage that the tech- 
nique is stable regardlejss of the size of the 
time stejp-i^that is, ' that errors tend to di- 
minish riathef than to iricreaise :as thej^jom- 

' putation proceeds, regardless jgl t^^^ 
At relati^ te'o*. V , . . 

The work required in utilizing the back- 
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ward-difference technique depends upon the 
size of the problem— that is, upon the num- 
ber of equations in the simultaneous^ set. If 
this number becomes large, as it does in^most 

Aground-water problems, the work entailed 
becomes very great, particularly whep the 
standard direct methods of solviing ^miul- 
taneous equatioias are used. Far tJiis noeasbn 
it is worthwhile toMook for effidemt TEaeftods 
of solving these ..sets of equations; sand it 
turns out that iteration or . rdaxationi— the 
process described in Section 25 of Pairt VII, 
in connection with solution of tbe ^ieady- 

* state equation— provides us with a is^son- 
ably efficient approach. 
. The equation that we were trying to solve 
by iteration in Section 25 of Part VII re- 
written here using the i, j subscript nota- 
tion, is • 



This equation states that the . head at the 
node i, j should be the average of the heads 
at the four surrounding nodes. No time sub- 
scripts are involved, since we are dealing 
with a steady-state situation. Our method is 
simply to move through the plane, re-;, 
placing'the head at each node by the average ^ 
of the heads at the four surrounding nodes. 
This process is continii^d until the. 'head 
changes become neglfgible— that is, until the. 
head at each node iremains essentially unr 
changed after each traverse through, the 
plane, indicating that equation 6 is satis- 
fied throughout the plane. . ; 
^ . In applying iteration ix> our noiiequilib- 
rium problem; the. idea is to carry out a 
similar series of traverses of the x^y plane 
at every time step, using equation 5" rather 
^than equation 6 (as the basis of the calcula-* 
tion at .each'^ode. Thus to compute heads 
for the time n^t we would rearrange equa- 
tion 5 as follows 




(7) 



We can eaivision an x, y plane for the time 
n^t, initially C(^ntaining specified values of 
hij,n a iew nodes, corresponding to the . 

. boundary conditions, and trial values of 
ifiij^n at the remaining nodes. We write an 
equation of thie form of equation 7 for every 
node not controlled by a boundax^condition; , 
and we write equations expnessing the 
boundary conditions for the:3nodes at which 
these conditions apply. In equation 7, the 
value of is. expressed in terms of the 
head at the f oUr surrounding node? for thej 

' same time, and the head at the same node 
for the preceding ^f 
equations for values cff' fean the values of . 
hij,n''% actually constitute known or constant 



terms, determined in the precedirig^ step of . 
the operation. Thus equation 7 relates the 
head at. each node to the head at the four 
surrounding nodes, in terms of a sist of conr 
stantsVor kno:v!ra quantities. The equation is 
a little more? cumbersome than equation 6 
in that 'instead of multiplying -the sum o^. 
the heads at the surrounding nodes by %9 
we must now multiply by the term 

' - " ■•■ " ''' v 1 . V: ■ ' • 



and we niust addthe^jlcnown term 
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S 



4 . S 



on the right side. These changes, however, 
^^STnot make the. equation appreciably more 
difficuH to solve. Wejcan still use the process 
of iteration; that is, we can move through 
the Xy y plane, replacing each original trial 
value of hij^n by a new valu^ calculated from 
the four .surrounding vahifes by equation 7. 
At each node we note the difference between 
the new value of /t.-j.,, which we haye calcu- 
lated, and the trial value with which we 
started. If this difference turns out to be 
negligible at every node, we may conclude 
that our starting values already satisfied^ 
equation 7 and that further computation of 
new values is pointless. More commonly, 
however, we will note a measurable cljange 
in the value of h at each node, indicating 
that the initial values did not satisfy equa- 
tion 7, and that the "iteration procedure is 
producing an adjustment toward new values 
which will satisfy the equation. In this case 
we traverse the la;, y plane again, repeating 
the procedure; each value of /i,-,^,,, which we 
calculated in the first step (or iteration) is 
replaced by a new value calculated from the 
heads at the four surrounding nodes by 
equation 7. Again the difference between 
the new ^ value and the preceding value at 
each node is recorded; and a test is made 
to see whether;, this difference is small 
enough to indicate that the new array of 
head values approximately satisfies equation 
7. The process is continued until the differ- 
ence between newly computed and preceding 
values 'is negligible throughout the array, 
indicating that equation 7 is* essentially sat-, 
i^fied at all i)bints. 

The technique described above is often 
-tejerred to /as the Gauss-Seidel method; it 
is basically the same procedure that was ap- 
plied in Section 25 of Part VII to the Steady- 
state problem. It is/ an example of a relaxa- 
tion technique — a ihethod of computation in 
which the ^i3ifferendes between the two sides 



of an equation are successively reduced by/ 
numerical adjustment, until eventually the 
equation is satisfied. There are a number of 
varieties of relaxation techniques in use, dif*— 
fering from one another in the order or se- 
quence in which the x, y plane is traversed 
in the calculation and in certain other re- 
spects. * \ 

It has been found that the number of cal- 
culations required to solve the set of.finite- 
diffierence equations can frequently be re- 
duced by tlie inclusion of certain "artificial'' 
terms in these equations. These terms norm- 
ally take the form 



The superscripts m and m + 1 indicate levels 
of iteration; that is, /i.j.u" represents the 
value of hi in after m traverses of the a;, y 
' plane in the iteration process, and /i/.y.,/""^' 
\ represents the value of /itj.„ obtained in the 
.next following calculation, after tra- 
verses. A is termed an "iteration parameter''; 
. it is a coefficient which, either on the basis 
of practical experience or theoretical analy- 
sis, has been shown to produce faster rates 
of solution. As the iteration' process ap- 
proaches its goal at each time step ,t'he dif- 
ference between the value of hij^n obtained in 
one iteration and that obtained in the next 
.iteration becomes - negligible— that is, the 
term — approaches zero, so 

that the difference equation appears essen- 
tially in its original form, without the itera- 
tion parameter .term; and the solution which 
is obtained thus applies to tKes)riginal equa- 
tion. In some cases, X is given a sequence of 
different values in successive iterations, 
rather than a single constant value. Again, 
the particular sequence of values is chosen, 
either through theoretical analysis or 
through practical experience, in such a way 
as to produce, the most Vapid solution. When 
an iteration parameter or sequence of itera- 
tion parameters is utilized, the relaxation 
process, is teamed '*successi\^e overrelaxd- 
tion" and is frequently designated by the ini- 
tials SOR. Discussions of this technique are 
given by For sythe and Wasow (I960) and 
many others. 
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•Alternating-direction 

The work required to obtain a solution by- 
relaxation techniques is frequently tedious, 
particularly for a problem of large dimen- 
sions. For this reason, a great deal of effort 
has gone into the development of alternative 
approaches. Peaceman and.Rachford (1955) 
proposed a technique of computation jwhich 
has received wide use in a variety of forms. 
The name "alternating direction" has been 
applied to the general procedures of calcula- 
tion which they proposed. 

To simplify our discussion of their, tech- 
niqufes we will introduce some new notation. 
We saw in Sections 12 and 15 of Part VII 
that an approximation to is given by 

theiierm - 

7t, + /u-'2/zo 



(AX) = 

or, in terms of our subscript notation, 

In the discussion which follows, we will let 
the symbol A^xh represent this approxima- 
tion to. 3= Tliat is, we say 



(8) 



In addition, we will use a subscript to indi- 
cate the time at which the approximation is 
taken. For example, (Axx'On will indicate an 
approximation to the second derivative at 
the time nM, or specifically 

. (A„/i). = ^ • (9) 

(Aw'i)n-i will represent an approximation to 
the second derivative at time (n^l)At, and 
so on.. Similarly, we will use the notation 
Ayyh to represent our approximation to 



implicit procedu^ 

and again (Ayy/On will represent our^ ap- 
proximation "to -d-hZ-dy- at the time nAt, 
that is 

/li i- i,rt + hij+i,n'^2hij:,r ~ 

(A,,/l„)= — — (11) 

(A1/)- 

* 

and so on. 

Using this notation, our forward-differ- 
ence approximation to the equation 



yh -d^h S -dli 
30:= 32/= T 3t 



(3) 



as given in equation 4, would be rewritten 



(Axx/^)«+ (Avv/0» = - 



At 



(12) 



In this formulation, ^-hZ-dx- and 3=ft/3l/= 
are simulated at the beginning of the time 
interval over which 3/i/3Ms simulated. 

Again using the notation introduced 
above, our backward-difference approxima- 
. tion to equation 3, as given in equation 5, 
would be rewritten 



(Axx/l)n+ (Avv/l)n = 



At 



(13) 



that is. 



•In this formulation, ?i^hl?ix' and 3'/i/3l/= 
are simulated at th^ time nM, while 3/i/3t 
is simulated , over the time interval bestweeij 
(n-l)At and nat\ thus both Z^h/^x^ and 
Zi^hZZ^y^ are approximated, at the end of the 
time interval over which 'Qh/'dt is approxi- 
mated. 

In the form in vi^hich it was originally 
proposed, Peaceman and Rachford's \tecli- 
nique is usually termed the altematirig-di- 
rection implicit procedure. In this form,\the 
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simulation utilizes two equations, applicable 
over two successive time intervals. In the 
first equation, ^^fe/ax^ is simulated at the 
beginning of a time interval, and Z'^/'dV' at 
the end of that interval ; 'dh/'^t is simulated 
using the change in head occurring over the 
interval. The second equation ajj^i^s over 
the immediately, following time interval; 
here the order is reversed — d'f^/dV' is 
simulated at th e be ginning of jHie^ time in- 
terval, 3=/t/3a:- is simulated at the end, and 
again 'dh/'dt is simulated using the head dif- 
ference occurring over the interval. 

Using the notation introduced above, this 
simulation may be represented by the follow- 
ing equation pair 



(14) 



1' S hi,j,n + \'~^hi,}.n 

/ (A^Wn+ (A^./0:.M==— : 

I T At 

■ (15) 

For the first time interval, 'd'h/'dx- is simu- 
lated/at (n-l)At; 3'fe/32/Ms simulated at 
nA^;/and 'Qh/'dt is simulated by the change 
in hij between in—l)At and uaL For the 
seconud time interval 3=/t/^32/^ is simulated at 
7iAt; yh/'QX' is simulated at (n+DAt; and 
gfe/g^ is simulated by the change in hij be- 
tween TiAt and in-hl)At. 

Figure D illustrates tne form of this simu- 
lation. It may be recalled from Section 3 
that lines parallel to the x-axiS in the finite- 
difference grid are termed rows and that 
lines parallel to the y-Bxis are termed col- 
umns. As shown in figure D, then, three 
values of h are taken along row 7' at time 
(n-l)A^ to simulate 'd^h/'Qx^, while at the 
time uAt three values of h are taken along 
column ?■ to simulate 3=^V32/^. The time 
derivativu is simulated using the difference 
betw.een the central h values at these tv7o 
times. For the succeeding time interval, the 
three values of h along column i are taken 
first to simulate Z^h/'Qy^ at time ndd ; while 
at the time (w+1)a^, three values of h are 
taken alongxow j to simulate a^fe/ax^. Again 
the time derivative is smiutated using the 



difference between the central h values. 

The forward-difference and backward- 
-difference techniques are characterized by 
symmetry in their simulation of the expres- 
sion (3=/i/3a;=) + (3=fe/32/=). Both terms of 
this expression are simulated at the same 
time, using a five-node array centered^ about 
a single value of head, However, the 

Figure D 
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simulation of 3^/3* in these formulations is 
asymmetrical, in the'' sense that it is not 
centered in time about but extends for- 
ward or backward from the time n\t. 
In either case, however, if we allow 
At to become very small,* the effects 
of this asymmetry die out; the ap- 
- proximation then approaches more and 
more closely the value of at the time^ 

^TiAt^In-thealternatin&-directioii:ii2iplicit_pro^. 

cedure, by contrast, and 3=^/32/' are 

not simulated at the same time, and in thi& 
sense the simulation o'f + (d-h/ 

91/-) cannot be termed syrometrical; It is 
again helpful, however, to visualize what 
will^happen if At is allowed to become very 
small, so that the times (7^-l)^t and nAt . 

/ at which the individual simulations occur, 
fall more and more closely together. In this 
case, (^rxh)n-l should begin to approximate 
the Value of at (n-V2)A*» while 

' i^yvh)„ should begin to approximate the 
value of 3=^/32/2 at (n- V2)^tAn this sense, 

then ,the expression 

■ ■ / ■ 

/ 

/ • ■ ■ . ■ 

. > / ... 

can be considered an approximation to 
^x- 32/= 

at the time (n- 1/2) At. The simulation of 
3fe/3t is symmetrical with^ respect to this 
time, since .it utilizes . the head difference 
fi„-fe„ 1- Thus eyen though a certain asym- 
metry exists in the expression by which 
(3'fe/3x=) ^ (3^fe/3y') is approximated in 
the alternating-direction technique, it can be 
argued that there is symmetry with respec^ 
to time in the simulation of 3/i/3t. More- 
over, we may expect intuitively that if an - 
error is generated by the fact that we simu- 
late 3 W 3^ prior to 3''^/32/' during one 
time interval, some ^ sort of compensating 
error should be generated during the follow- 
ing time interval, when we simulate 3^V32/'' 
prior/to 'd^h/'dx^; and in fact it turns out 
that this alternation in the order of simula- 
tion is essential to the stability of the meth- 
od. If the order of simulation is reversed in 



this way, then regardless of the size of the 
time stQp, the calculation will not be affected 
by errors which grow at each step of the 
calculation. A further condition for stability 
is that the time intervals represented in the 
two steps of the simulatjpn (equations 14 
and 15) must be equal. The length of the 
time interval may differ from one pair of 
time steps to the next, but within a given 
_ pair, as used in equations 14 and 15, the two 
values of At must be kept the same. Finally, 
there must be an even number of total time 
steps; 3=fe/32/' niust be simulated prior to 
3=fe/3x= as often as 3=^/3^' is simulated 
prior to 3''2'/32/'- 

If equations 14 alnd 15 are written out us- 
ing the earlier notation we have 



(Aa:) = 

-{-^ '' 



(A2/) = 

and 



At 



(16)! 



(AX) = 



(A2/) = 



At 



(17) 



Equation 16 involves three values of head 
along row j at time (ri-l) At and three 
values of head along column i at. time nAt. 
L;et us assume that the head values for the 

/earlier time, (n-l) At, have been calculated 
throughout the x, y plane and that we are 
concerned with calculation of head values for 

^ the time n^t Equation 16 then Contains 
three known values of head, for the time 

. (n-l)At and three unknown, for the time 
wAt. Since we have three unknowns in one 
equation, we will again need to use simulta- 
neous equations. In this case the three un- 
knowns occur along k single column; and by 
considering other equations which apply 
along this column we can develop a con- 
venient method of solution. 
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Let US suppose that there 'are m nodes 
along column i and that the head is specified 
at the two end nodes by boundary condi- 
tions, but must be determined for all of the 
interior nodes. The first nod^ is identified by 
the subscript j^l (we assiime that the x- 
axis, where ;y=0, lies outside the problem, 
area) ; the final node is identified by the 
subscript j=rn. Thus and ki,m,n are spe- 

through /t«.m-L,»» must be determined. 

We can write an equation of the form of 
equation 16 for each interior node along col- 
umn 2. As we set up the equation at each 
node, we pick up three known values of head 
from the (n-l)At "time plane"; these 
known Values fall along a three-column band, . 
as shown in figure E. Each equation also in- 
corporates three values of head for the new 
time, nAt, all lying along column i; and when 
we have set up an equation of the form of 
equation 16 for each interior node along the 
column, we have a system of m-2 equations 
in m-2 unknowns, which can be solved 
simultaneously. The aolution of this set of 
equations is undertaken independently from 
the solutions for adjacent columns in the 
mesh; thus, instead of dealing with a set of, 
say, 2,500 simultaneous equations in a 50 by 
50 array, we deal in turn with separate sets 
of only 50 equations. Each of these sets cor- 
-responds to a column within the mesh ; and 



Figure E 



00^ 




Times 
(n— X)A« 



each is much easier to solve than the 2,500 
equation set, not only because of the smaller 
number of equations; but also because a 
convenient order of computation is possible. 
We are able to utilize this order of computa- 
tion, through- a technique developed by H. L. 
Thomas (1949) that is known as the Thomas 
algorithm. 

To illustrate this method, we rearrange 
equation 16, putting the unknown values of 
head, corresponding 1x) time n^t, on one side^ 
as follows: 



S 2 
+ 



- ]h^.i,n + { 

i^yy \T6.t (^y)^j (Ayy (Axy XT/at (^xy 



fei./.n-l^ . (18) 



(Aa;)5 



The right-hand side consists entirely of 
known terms, and it is convenient to replace 
this side of the equation by a single symbol, 
Z)/, that is 



-( Pu.n-i 



(Axy 



(IS) 



The single subscript, is sufRciient to desig- 
nate D for ojir purposes. As suggested in 
figure E, the sequence of calculation is along 
the column t. At each node— that is, for each 
value of i; — ^there is only one value of J9, . 
taken from the three-column • band in the 
preceding time plane. We are limiting con- 
sideration here to one set of equatioils, cor- 
responding to one column, and aimed at cal- 
culating the heads for one value, of time; 
.the subscripts designating the column and 
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time are therefore not required. Thus we can 
omit th^'ysubscripts i and ?i from the values 
of h on the left side of the equation. With 
these changes, equation 18 takes the form 

Ajhj^^-^Bjhi+Cjhj^.^Dj (20) 

where, in the problem which we have set up 

1 . 



(A]/) = 

2 



TM (A2/) = 



and 



Cr 



The coefficients A, 5, and C are constant for 
the problem which we have postulated. In 
-some problems, however, where variation in 
T, S, or the node spacing is involved, they 
may vary from one node to another. To keep 
the discussion sufficiently general to cover 
such cases, the coefficients have been desig- 
nated with the subscript j. 

If we solve equation 20 for hj, the central 
value of the three-node set represented in 
the equation, we obtain 



Dj^-Ajhi^i-Cjhj. 



(21) 



hi the head at the initial node of the column, 
is specified by the boundary condition. We 
apply equation 21 to find an expression for 
fca; this gives 



D-.-AJu-C.h:, 



B2 



(22) 



We rewrite this equation in the form 



where 



and 



(23) 



(24) 



(25) 



62 consists of kiiown terois, and since K 
is known, ^'2 can be calculated; equation 23 
thus giyes us an equation for in terms of 
the next succeediiu: value of head, h^. If v/e 
can continue along the column, forming 
equations which give the head at each node 
in terms of that at the succeeding node — 
that is, which give ft/ in terms of /ly+i — ^we 
will eventually reach the next to last node in 
the column, wher6 we will have an equation 
for /«,M-i in terms of /r,,., the head at the last 
node. Then since is known, from the 
boundary condition, we will be able to cal- 
culate /im-i; using this value of /im-i we can 
calculate ftm-2, and so on back down the col- 
umn, until finally we can calculate .^2 in 
terms of fta using equation 23. This is the 
basic idea of the Thomas algorithm. We now 
have to see whether, we can in fact obtain 
expressions for each head, ft/, in terms of 
the succeeding head, ft/+i, along the column. 

We first apply equation 21 to find an ex- 
pression for fts obtaining 



ftn 



D]^—AJiz — CJi4 
B, 



(26) 



To eliminate fta from this equation, we sub- 
stitute from equation 23, obtaining 



ftn=- 



(27) 



B, 



Equation 27 is now solved for ftn as fallows 

AJ), D,-A,g^,-C:Ji, 

ftn fta = ^— ■ 

B, B, 



ft.= 



D:x'-A:,g2-CilU 



or 



fta 



D;i-A^g2 



-K (28) 



Now again we have an-jequStion of the form 



rvhere here 



(29) 
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and 



(30) 



(31) 



Since g2 and 63 are kiiown from the preced- 
ing step of the calculation (equation 24 and 
25), and bz can be calculated, and equa- 
tion 29 then gives us an expression for in 
terms of h^. In effect ,we have eliminated h2 
from equation 26, so that is expressed in 
terms of the succeeding value of head alone. 

If we continue this process, we find that 
at each step we can obtain an equation of 
the form 



(32) 



relating the head at each node to that at the 
succeeding node; and we find that Qj and 6^ 
can always be determined from the preced- 
ing values of g and & by equations of tsiie 
form of equations 30 and 31. That is, we find 
that 



(33) 



and 



(34) 



These general formulas apply even to the 
calculation of and bz if we specify the 
starting conditions g^^hi and &i = 0. 

In summary, then, we may start at node 1 
and move up the column calculating values 
of gj and At each node, these values are 
calculated by equations 33 and 34, using the 
preceding values, g^^t and bj^i, and using 
the coefficients A), By, and C> and the term 

Ultimately, at the next to last node of the 
column, g^^^ and &m-i are calculated; then 
since is known from the boundary condi- 
tion, can be calculated from eqi^tion 
32. We then proceed back "down the column, 
calculating the value of Ay at each node from 



the value of kj^i using equation 32, until 
finally a value for lu has been calculated and 
heads have been determined throughout the 
column. 

The whole process is actually one bf 
Gaussian elimination, taking advanta^re of 
a convenient order/ of calculation. The solu- 
tion of the difference equation 16 is obtained 
directly for points along the column through 
this process; we are not dealing with an 
iterative technique which solves the set of 
algebraic equations by successive approxima- 
tion. When the head has been calculated at 
all nodes along column ?, the process is re- 
peated for column i+l, and so on until tlie 
entire plane has been traversed. 

In a sense, this process of calculation 
stands somewhere between the forward-dif- 
ference technique and the backward-differ- 
ence technique. In the forward-difference 
technique the head at every node,, for a 
given time level, /is computed independently 
from the heads ^t the four adjacent nodes 
for that time level; the technique of compu- 
tation is said to be explicit. In the backward- 
difference technique^ the calculation of the . 
head at each node incorporates the heads at i 
the four adjacent nodes for the same time 
level; the method of calculation is termed 
implicit. In the alternating-direction tech- 
nique the calculation of the head at a given 
node, as we move along a column, incor- 
porates the heads for that time level at the 
two adjacent nodes along the column, but 
net at the. two adjacent nodes in the adjoin- 
ing columns. The method of calculation, for 
this step, is said to be implicit along the col- 
umns, but explicit in the transverse direc- 
tion, along the rows. 

When the heads have been calculated 
everywhere, throughout the plane by the 
process of traversing the^lumnspcalcula^_:_ 
tiohs for the following time, (n+l)Ai are 
initiated using equation 17. The procedure 
followed is the same as that described above, 
except that the calculation now moves along 
rows, father than along columns. This alter- . 
nation of^directipn again, is necessary in 
order to insure the stability of the method of 
calculation. . 



EKLC 



157 



PART VII. FINlTE-DIFFERENCE METHODS 



147 



Solution of the steady-state equation by iteration using the 
alternating-direction method of calculation 



In their initial paper proposing the alter- 
nating-direction implicit procedure, Peace- 
man and Rachford point out that the tech- 
nique of solving alternately along rows and 
columns can be used effectively to iterate the 
steady-state 'equation. That is, suppose , we 
must deal with the problem considered in 
Section 16 and 25 of Part VII, and reviewed 
earUer in the present discussion, in which 
the steady-state equation 



— + =0 



(35) 



is to be solved. In Section 25, we considered 
a technique of iteration, or relaxation, to 
solve this equation. In this technique we 
wrote the finite-difference - approximation 
given in equation 6 as a simulation of equa- 
tion 35 ; this gave 

■ ^ / 
hij^~{hi^ij-¥'hi+ 1./ + /it.; - 1 + Kj + 1 ) . ( 6 ) 



To apply equation 6, we would move through 
the X, y plane replacing values of at each 
interior node by the average of the heads at 
the four surrounding nodes. At the end of 
one complete traverse of the plane we would 
have a set of values of hij which would be 
somewhat closer to satisfying equation 6 
than were the values with which we started; 
and after several traverses, we 'would have 
a set of head values which would essentially 
satisfy equation 36 throughout the plane. 
This would be indicated by the fact that the 
values of fhj obtained, in each step would dif- 
fer very little from those obtained in thk 
preceding step. 

Our objective here is to outline a more 
efficient technique of carrying out this itera- 



tion process, based upon Peaceman and 
Rachford's method and the Thomas algor- 
ithm. We begin by introducing some nomen- 
clature and notation. In our discussion of 
nonequilibrium. problems, we spoke of '*time 
planes" — that is, representations of the x, y 
plane in which'the'heads"calculated~ior a 
given time were displayed. In discussing the 
solution of steady-state problems by itera- 
tion we can similarly speak of "iteration 
planes" — that is, representations of the x, y 
plane in which the values of head obtained 
after a certain number of -terations are dis- 
played. Again, in pur discussion of nonequili- 
brium problems we used the subscript n to 
designate the time level of a given head 
value — hij^n referred to a head value at the 
time nA*. In a similar way, we will use a 
superscript m to denote the iteration level in 
the steady-state problem. . /ij/ will be used 
to designate the starting values of head, 
prior to any iterations ; hu^ . will indicate 
head values after one iteration— that is, the 
head values in the first iteration plane; and 
in general, will indicate head values 
after m iterations, or in the mth iteration 
plane. 

Next we rewrite our approximation to 
equation 35 in a slightly different form. We 
rearrange equation 6 to give 

fei-i.i+A*+M-2/iu--/iu^i-Ki4-i + 2/iu(36) 

This can be obtained also by rewriting equa- 
tion 35 in the form 

/ ■■ ' 

, ' ■ ■ ■ • . ' ."■•/■• ■"■.. • 

and then using the approximations given in 
equation 8 and 10 for d'^^I'dx'^ and 3^^/32/'. 

We are interested in applying equation 36 
to calculate head values for a new iteration 
level, using head values from the preceding 
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iteration level. In the procedure which we 
will employ it is necessary to consider two 
successive interation steps. Using the super- 
script notation described above, and using 
Axx^ and Aj,yh to represent our approxima- 
tions to 'd'h/'dx' andg-fe/ai/- as in equations 
8 and 10, the method of calculation may be 
summarized as follows 



/ 



and 



(37) 



(38) 



oir, in the notation of equation 36, 



and 



(39) 



hi _ , ./" + ' + /i i + , ./" + > - 2/2 i./" + ' 

(40) 

As these equations indicate, the idea here 
is first to simulate at one iteration 

level and yh/'Qy- at the next; in the succeed- 
ing iteration, the order is reversed; 'd^h/'Qy^ 
is simulated at the earlier iteration level, and 
d^'h/'dx- at the next. Figure D, which illu- 
strated the simulation technique for the non- 
eqilibrium problem, is reproduced as figure 
F, but with the time planes now. relabeled as 
iteration planes. Equation 39 relates three 
values of head at iteration level w to three 
values, at iteration level w-1; and, following 
the ^technique described above for the non- 
equilibrium case, we may move along col- 
umn i in iteration plane m, at each node 
picking up three known values of fe*^-^ from 
a three column^ band in the preceding itera- 
tion plane, and thus generating a set of 
equations in which the unknowns are all 
values of along column 

As in the nonequilibrium case, the set of 
equations along a given column is solved di- 
rectly by the Thomas algorithm— that is, by 



Figure F 




Iteration level 
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the process of Gaussian elimination outlined 
in equation 20 through 34. When this has 
been done for every column in the x, V plane, 
we have a new set of head values throughout 
the plane. These values, however do not nec- 
essarily constitute a solution to equation 35. 
The process we have described, of replacing 
the earlier head values with new values caU 
culated through equation 39, accomplishes 
the same' thing as the relaxation process of 
Section 25 — it produces a new set of values 
which is closer to satisfying equation o6 than 
was the earlier set. This does not guarantee 
that the" new set will constitute an accept- 
able solution. The test as to whether or not 
• a solution has been found is carried out as 
in the relaxation technique of Section 25 — 



the values of head in iteration plane m are 
compared to those in iteration plane w — 1. 
If the difference is everywhere negligible, 
equation 35 must be satisfied throughout the 
X, y plane; otherwise a new iteration must be 
initiated. In this new iteration we would 
utilize equation 40, moving along a row of 
the model to set up a system of equations for 
the head values along that row. As in the 
nonequilibrium problem this alteration of di- 
rection is necessary for stability. In sum- 
mary then, we are utilizing an indirect 
/iterative procedure of solution; but we use 
a direct method, Gaussian elimination, along 
each individual column or row, to move 
from one set of approximate head values to 
the next during the iterative process. 



Backward-difference simulation: Solution by iteration using the 
alternating-direction method of calculation (iterative \ 
alternating-direction implicit procedure) . 



Peaceman and Rachford found that itera- 
tion of the steady-state equation by the, aU 
ternating-direction procedure was consider- 

* ably more efficient than the most rapid re- 
laxation techniques that had been used prior 

• to the time of their work. The use of the aU 
ternating-direction technique in this sense, 
as a method of iteration, has accordingly 
gained great popularity in recent years. As 
a method o;f solving the nonequilibrium 
equation 3, however, the alternating-direc- 
tion implicit procedure, as embodied in equa- 
tions 14 and 15 or 16 and 17, has not always 
proved advantageous. Although stability is 

' assured, that is. the calculation will not be 
alf ected by errors which necessarily increase 
in maignitude at each step, there is still a 
. possibility for large error at any one time 
step an(^, at any given node; and in many 

-problems these erro^rs have proved uncon- 
trollable and unacceptable. This undesirable 
feature has inevitably led to renewed inter- 
est in the feackward-difference formulation, 
of equations^ 5 and 13. As we . have noted. 



solution by this method must generally be 
accomplished, through iteration, for example 
using equation 7; the systems of simultane- 
ous equations involved' are usually too large 
to admit of an easy solution by direct meth- 
ods. We have seen that the alternating-di- 
rection procedure of Peacieman and Rach- 
ford provides an effective method of iterat- 
ing the steady-state. equation; this suggests 
that the same technique may. be used' 'to 
iterate the backward-differenxie equation,-^ 
or is: Equation 13, which utilized the ab- 
brevated notation, is reproduced below 

(A„ft)n+ (Avyfe)n«~-^ r — (13) 

-• T At 

('Axxh)n is an approximation to "d^h/d^^ at 
the time nAi, while (Ai^fe)n is aiuapproxima- 
tion 3.^fe/92/^ at' the time nM. We again in- 
troduce the superscript to . indicate the 
level of iteration; using this notation we re-r 
write eqifttion 13 as^it will be used in two 
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successive steps of the iteration process un- 
der consideration, 



5 h • 



(41) 



At 



(42) 



Several points about equations 41 and 42 
should be noted carefully. The simulations 
of both a=/i/aa;= and B=/i/32/-, in both equa- 
tions, are made at time nAt; and a^ain, in 
both equations, 'd^/'dt is simulated by the 
change in head at node i, j from time _(n- 
l)At ±0 time nAt In equation 41, id'h/ 
'dx-)„^t is simulated at the ( m-l)th itera- 
tion level, whereas (y.h/'dy')n^t is simulated 
at the wth iteration level; fe^y^,,, in the simu-. 
lation of the time derivative, is represented 
at the wth iteration level. In equation 42, 
('d^h/'dy^)nM is simulated at the mth itera- 
tiorflevel, while ('^''h/'^x-)r^^t is simulated at 
the (m4-l)th iteration level'; fei:y.„, in th^ 
simulation of the time derivative, is again 
represented at the higher iteration level. 



which is here m + l. No iteration superscript 
is attached to hij,n^i the head at the precede 
ing time level, in either equation. The itera- 
tion process is designed to compute heads for* 
the new time level, jiAt, and in this process 
the head at the preceding time level is sim- 
ply a constant; it retains the same value 
throughout the series of iterations. 

Rewriting equation 41. using the expanded 
notation fov A^xh and A^^yh (as given in equa- 
tions 8 and 10) , we have 

(Axy 



/ S \/^iii.„«-/^.^i.n-I) 



At 



(43) 



We wish to calculate head values at the 
new iteration level, m, on the basis of values 
which -we already have for the preceding 
iteration level, 1- We therefore rearrange 
equation 43, placing unknown terms on the 
left and known terms on the right. This gives 



(A2/)= {AyV 



S 2 
\TAt. (Ayr J ^ 

' L 4- 



{AXY 



(Axy 



TAt 



hij,n^u (44) 



The unknown t^rms are the head values 
for iteration level m; the known ..terms are 
the^^head values for the preceding Juration 
level, (w— 1, and ope head value from the 
preceding time level, n-l. We may tr.^ 
fore proceed as in equation 19, replacing 
Entire right side by a single symbol, Dy. rep-x^ 
resenting the known terms of the equation, v 
We will^then have an equation of the form 
of equation 20, 



Ajhf^r^-^. + Bihr + Cfkj^.^^D:, (45) 
which can be solved by the Thomas algor- 
ithm, as outlined in equations 21-34. In the 
next step we utilize equation. 42; here the 
unknown terms consist of three vJues of h 
for time nAt and iteration leveljm + ly while 
the known terms consist of three values of h 
for time nAt and iteration level w, and again 
one value of "ft for the time level (n— 1)A<- 
After this step, the heads which we obtain 
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Figure G 
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containing final values 
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starting valu^ 
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time n^t 
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head values 
for time (n-— D^t 




are compared with those obtained in the pre- 
ceding ^ep. If the diff.erence is everywhere 
negli^ble, the values of are taken as a 
sufficiently close approximation to the heads 
for time n\t. 

It's important to note that while at each 
step we solve directly, (by Gaussian elimina- ♦ 
tion, along columns or rows) to obtain a new 
set of head values, these new values do not\, 
generally constitute a solution tc^our differ- 
ential equation. Rather, they form a new ap- 
proximation to a solution, in a series of 
iterations which will ultimately produce an 
approximation close enough for our pur- 
poses. We may review the sequence of com- 
putation by referring to figure G, which il- 
lustrates the process of calculation schemati- 
cally. The lowermost plane in the figure is a 
time plane, containing the final values of 
head for the preceding time leveU (n~l)Af, , 
The plane immediately above this contains 
the initial assumed values of head for the 
new time, nM\ we use three values of head, 
fti-,.//, ^Kun. and hi^vun from this plane, 
together with one value of head /i../.nli from 
the ?2-l time plane, on the right side of 
equation 44. On the left side of equation 44 
we have three' unknown values of head in 
the first iteration plane, fti.i-i.„V /ijj.nS and 
Ki^y,n* We set up equations of Uie form of 
equation 44 along the entire column i and 
solve by the Thomas algorithm (equations 
21-34)- We then repeat the procedure along 
.. all other columns, . thus determining head 
values throughout the first iteration plane; 
these new head values constitute a somewhat 
closer approximation to the heads at fime 
n^t than did the initial values. Next we 
set up a system of equations of the form of 
equation 42, arranged so that in each equa- 
tion three head values from the first itera- . 
tion plane and one from the n - 1 time plane 
form the knovm terms, while - three head 
values from the second iteration plane from 
the unknown terms. \l we rewrite^uation - 
42 in the expanded notation and rearrange^ 
it so that the unknown terms appear on the 
left arid the known terms on the right we 
have 
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frt-r 1 



\ 



-+ Kj,^"^ -hi.i,n-i- (46) 

(A2/)= (A2/)^' (Ai/)*-^ TAi 



Applying equation 46 between the first 
and second iteration planes, m would be 
taken as 1 and C^ + l) as 2. The four known 
terms on the right side of the equation would 
consist of three head values from the first 
iteration plane hu^x.n, and htj^^ ^^ and 
again one head value from the time 
plane, /i/.;.n-i. It is important to note that 
we return to the 71—1 time plane — the lower- 
most plane in figure G — at each iteration 
level in the series, to pick up the constant 
values of /i/j.nJi that are used in simulating 
the time derivative. On the left side of equa- 
tion 46 we would have the three unknown 
values of head corresponding to the new 
iteration level — (that is, the second itera- - 
tion plane). Again we would use the Thomas 
algorithm (equations 21^4) to solve for 
these new values of head throughout the 
plane. ^At the end of this solution procedure 
the head values in the second iteration plane 
are compared with those in the first itera- 
tion plane. If the difference is sufficiently 
small at all points,, there is nothing to be 
gained by continuing to adjust the head 
values through further calculation — equa- 
tion 3 is already approximately satisfied 
throughout the plane. If significant (^[iffer- 
ences are noted, the procedure is contmued 
tintil the differences between the head values 
obtained in successive iteration levels be- 
comes negligible. At this point the heads for 
time n^t have been determined, and work is 
started on the next time step, computing ' 
heads for the time (n4-i)Ai: Thus while di- 
rect solution and an alternating-direction 
feature both play a part in thie procedure of 
calculation, the technique is basically one of 
iteration, in which,^using the backward«dif- • 
ference formulation of equations 5 or 13, we 
progressively adjust head values for each 
time level until we arrive^t a set of ^values 
which satisfies the equation. The method 
combines the advantages of the backward- 



difference technique with the ease of com- 
putation of the alternating-direction proce- 
dure; it is the basis of mqjfy of the digital 
models presently used by the U.S. Geol. Sur- 
vey. It is sometimes referred to' as the itera- 
tive alternating-direction implicit procedure. 

Prickett and Lonnquist (1971) further 
modify this method of calculation by rep- 
resenting the central head value, Juj only at 
the advanced iteration level; and by repre- 
senting the head in the adjacent, previously 
processed column also at the advanced itera- 
tion level. That is, they do not simulate 9=ft/ 
go:- and 'd'h/'Qy- in two distinct iteration 
planes, but ratlfer set up the calculation as 
a relaxation technique, so^that the new value 
of head at a given node is calculated on the 
basis of the most recently coniputed values 
of head in the surrounding nodcis. They do, 
however, perform the calculation^' alternate- 
ly along rows and columns'using the Thomas 
algorithm. i ■ • 

In the discussions presented here we haye 
treated transmissivity, storage toefRcient," 
and the node spacings Ax and At/, as con- 
stant terms .in the x, 2A plane. In fact these 
terms can be varied through the mesh to ac- 
count for heterogeneity or anisotropy in the 
aquifer ^r to provide a node spacing which 
is ^.everywhere suited to the needs of the 
problem. Additional terms can be inserted 
into the equations to'account for such 'things 
as pumpage from wells at specified nodes, 
retrieval of evapotran^piration loss^seepage 
into streams, and so on. "•Some programs 
have been developed which* simulate three- 
dimensional flow '(Freeze, 1971; Bredehoeff 
ahd' Pinder, 1970; Prickett aiid Loijnquist, 
1971, p. 46) ; however, the ot)erationai prob- 
lems encountered^ in three-dimensional digi- 
tal moldeling are sometimes troublesome. 

The reader may now proceed to the pro- 
gramed instruction of Part VIII. 



Part VI IL Analog Techniques 



Introductron 



In Tart VIII we consider another tech- 
nique of obtaining solutions to the differen- 
tial, equation of sround-water flow: TMs is 
the method of the dectric analog. It ig a p'tinv- 
erful technique wniim.has been widely luaed. 
The technique depsaVvfe upon the matfoem2a;i- 
cal similarity between Darcy's la.w, describe 
ing flow in a porous medium, and Ohm's law,> 
describing flow of charge in a conductor. In 



the case of nonequilibrium modeling, it de- 
pends also upon the similarity between the 
ground-water storage-head relation and the : 
equation describing storage of charge in a 
capacitor; and uijon the similarity between 
the electrical dontinuity principle, involving 
the conservation of electric charge, and the 
equation of continuity describing the con- 
servation of matter. 



~t1 



Ohm's law ^tates that the electrical cur- 
rent through a conducting element is direct- 
ly proportional to the voltage difference, or 
potential difference across its terminals. The 
sketch represents a conducting element, or 
resistor, across' which the voltage difference 
is ^1-^2. That is, the voltage at one terminal 
of . the resistor is <^i, while that at the other 
end is ^2. The current through the resistor 
is defined a^ tlie ne*: rate of movement of 
positive charge across a cross-sectional plane 
within the resistor, taken normal the di- 
rection pf charge -flow. The 'standard unit of 
charge IS the coulomb, and current is nor- 
mally measured as the number of coulombs 
per second crossing the plane under consid- 
eration. A charge flow of 1 coulomb /per 
second is designated 1 ampere. The symbol 
7 is frequently used to represent current. 



Symbol representing a conducting: element, 
or resistor 




current 



R 



R represents value of resistance (ohms) 



.. 

For the resistor shown in the diagram, 
Ohm's law may be stated as follows 

1 

R 

. ;where / is the current through the resistor, 
and <^,-<^2, 'as noted above, is the voltage 
difference across its tenninals. The term 1/ 
K is the constant of proportionality relating 

.^.current to voltage; R is termed the' r^ist- 
ance (5f the eleincnt. It depends both upon 
the dimensions of the element and the elec- 
trical properties of the conductive material 
used. The unit of resistance is the ohm. A 
resistance of 1 ohm' will carry 1 ampere of 

" current under a potential difference of 1 

'volt: ^ 

QUESTION ♦ 

Suppose the voltage at ;One terminal of a 
50C-ohm resistor Is 17 volts, and the voltage 
at the othei^terminal is 12 volts. What would 
the current through the resistor be? 

10 amperes \ "... 

0.10 ampere, or 100 milliamperea 8 

0,01 ampere, or 10 milliamperes 6 



EKLC 



153 



164 



154 



TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS 



2 • ^ 



You^ answer in Section 22 is nat correct. 
The finite- difference form of the equation 
for two-dimensional nonequilibrium ground-,, 
water flow is 

Sar Aho 

fel+fe3+/^J+h4-47^o=— -, 

• V ■• • ■ ^. ^ 
while the equation for our resistance- capa- 
citance network is 



Comparison of these equations illustrates 
that resistance, R, may be considered to^be 
analogous to the term 1/T ; voltage, ifA is 
analogous to head, ft ; and capacitance, ' C, 
may be considered analogous to the term 



dif>o 
dt 



[n-the-answer"which you^lected, voltage 
is treated as analogous to trarismissivity, in 
that t^e procedure calls for increasing volt- 
age in areas of high transmissivity. 

Return to Section 22 and -choose another 
answer. 



3 




Your answer in Section 6, 

■ . ■ « . ^ A ■ * 

■ ■ 

. _ RL . 

is not correct The idea here is to, obtain an 
expression for the current, which involves 
the.resistivitj% p^?, of the material composing' 
the. resistence. Your answer involves the re- 
..sistance, J?, rather than the resistivity. It is 



not a valid statement of Ohm's law in any 
case, for Ohm's law in terms of resistance 
was given in Section 1 as . ^ 

(</»l-</»3)\. 

■ . ■ ■ . R , 

Return to Section 6 and choose another 
answer. \ 
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Your answer in Section 9, 

, 1 . . ■' ■ d<l>c . . , * ' 

— r(0i~~<^c) , • 

R dt 

is correct The quantity C, as we have seen, 
; is actually the derivative d€/d6c; thus C{d<i>c/ 
dt) is equivalent to {dt/d<i>c) * {d<i>c/dt)y or 
simply„ dc/di, 

7 Without referring to it e^fcplicitly, we 
' made-use in Section 9 of an electrical equiva- 
lent to j;hB,hydr^HliA.€iquatiqn of continuity. 
In an electric circuit, charge is conserved in"* 
the same way that fluid mass is conserved in 
a hydraulic system. Kirchoff's current law% 
which is familiar to students, of elementary . 
physics, is a statement of this principle. In 
the circuit of Section 9, we required that the 
rate of accumulation, of charge in the capa- ' 



citor be equal to the, time rate at which 
charge v/aa transported to the capacitor 
plate through the resistor — ^that is, to the 
current through, the resistor. In the circuit 




shown in the figure, in which four resistors 
are connected to a single capacitor, the net 
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inflow minits outflow of charge, through all 
four resistors, must equal the rate of ac- 
cumulation of charge on the capacitor. Let 
and /a represent culrents toward the capac- 
itor, through resistors Rx and 7?^; and let 
I2 and represent ^currents away from the 
capacitor, through resistors /?2 and R.x. Then 
the time rate of inflow of charge, toward the 
capacitor, will be /i + Za *, the rate of outflow 
..^^rge, away from the capacitor, will be /3+ 
/.J. The net inflow minus outflow of charge 
will be /i — /2+/:,-/.,; and; this must equal 



four resistances are equal — that is, we as- 
sume \ 



the rate of accumulation of charge on the 
capacitor. That is, we must have 

de. 
dt 

QUESTION 

The diagram again shows the circuit de- 
scribed above, but we now assume that the 



Ri =Rg^Rz — Ru — R* 
Let </)o represent the voltagie on the capac- 
itor plate — this is essentially equal to the 
voltage at the junction point W the four re- 
sistors (the resistance of the wire connect- 
ing the capacitor to the resistor junction 
point is assumed negligible). The voltages at 
the extremities of the four resistors are 
designated <f>u 4*2, </),i, and as shown, in the 
diagram. If Ohm's law is applied to obtain 



an expression .for the current through each 
resistor and the capacitor equation is ap'^ 
plied:.to obtain an expression for the rate of 
accuixjiulation of Charge on the capacitor, 
which^ of the following equations will be ob- 
tained from our circuit equatijon 

£ 




Turn to Sfsction: 

15 



R . dt ' ■ . 

1 / ■ d<t>o 

— (</)i — </)2+</)3 — </)4A</>o) =^R— — ■ 27 

C ' ■ ' . ■/ dt . 

- ■ ^ d!</)o ^ 
^v-t</)2 + ^3;!K</)-»A4</)o=i?C- . 22 

' ^\ . ■ dt 



5 



ERIC 



Your answer in Section 22 is correct/. 
This is of course one indication of the power 
of the analog ^methoi^, in that problems in- 
volving heterogeneous aquifers are handled 
as easily as those | involving a *unifol*m 
aquifer. Complex boundary conditions can 
also be accoi^modate^, and three-dimensional 
problems may be approached construct- 
ing networks of sevpral layers. The method 
is applicable to water-table aquifers as well 
.as to confined aquifers, provided dewatering 



is small in relation to total saturated thick- 
ness. Some successful siiriulation has been 
done even for cases in which this condition 
is not satisfied, using special electrical com- 
ponents which vary, in resistance as voltage 
-changes. ^ ' . 

Steady-state problems are sometimes 
handled by network models constructed 
solel}'' of resistors— that' is,, not involving 
■capacitors — rather than by analogs con- 
structed of a continuous conductive mate- 
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rial. Such steady-state networks are par- 
ticularly useful when heterogeneity is in- 
volved. ^ 

In some cases, the symmetry of a ground- 
water system may be such that a two-di- 
mensional analog in a vertical plane — that 
is, representing a vertical cross section 
through an aquifer, or . series of aquifers- — 
iXjay be more useful than a two-dimensional 
ana;log repFesentihg a map view. In this 
type of nyDdel, anisotropy is^ frequently a 
factor ;\ that is, permeability in the vertical 
direction is trequently much smaller than 
tfiat in the lateral direction. This is easily 

rf^accomniodated in a . network by losing higher 
resistances in the .vertical ^direction; or, 
equivalently, by using a uniform resistance 
value but distorting the scales of the model, 
so that this resistance value is used to simu- 
late different distances and cross-sectional 

V areas of flow in the two directions. 

An i important special type of network 
analog is that used to simulate conditions in 
a vertical plane around a single discharging 
well. The cylindrical sjrmmetry of the dis- 
charging, well problem, is in effect built into 
the network; the resii^tances and scales of 



the model are chosen in such a -way as to 
simulate the ingreasing- cross-sectional areas . 
of flo\v, both vertically and "radially,^ which 
occur in the aquifer v^ith increasing radial 
distance from the well. 

This concludes our discussion of the elec- 
tric-analog appiroach. have given here 

. , only a briet outline of some Oi the more im- 
portant principles that' are nvolved. The 
technique is capable of providing insight 
into the operation of highly complex ground- 
water systems. Further discussion- of the 
principles ot simulation may De touhd in the 
text by Karplus (1958). The bo'ok "Concepts 
and Models in Ground-Water Hydrology'' by 
Domenico (1972) contains a discussion of 
the/ - application cf . analog" techniques' to 
ground water, as does tlie text "Clround- 
Water Resource Evaluation/l_jt)y Walton 

' (1970). Additional discussions may be 
found in papers by Skibitzk'e (1960) , Brown . 
(1962) Stallman (19631)). Patten (1965), 

J Bedinger, Reed, and Swafford (1970), and 
many others. . ^ 

. This concludes the studies presented in 
this text. 
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Your answier in Section 1 is correct. 

The resistance of an electrical element is 
.given- by the formula 

L 
A 

where L is the length of the element in the 
direction of the current,. 'A is its cross-sec- 
tional, area normal to that direction, and pe 
is the electricsi resistiviiy of the material of 
which the resistor is composed. The inverse 
of the resistivity is termed the conductiyity 
of the material ; it is often djesigna^ted a ; ^that 
is, o'=l/pc« Resistivity and conductivity are 



normally taken as constants characteristic " 
of a particular material, ; however, these 
properties vary with temperature, and the 
linear relationships usually break down at 
extremes of voltage. Moreover, a smajr 
change in the composition of some materials 
can produce a large change in ^ electrical ^ 
"properties. Resistivity is commonly ex- 
\pressed in units of ohm-nietreVmetre, ^or, 
ohm-metres. With this unit of. resistivity, the 
formula, \ 



L ' 
A 
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will yield resistance in ohms if length is 

expressed in metres and area in square 
metres. 

■ \ . ■ ■ 

QUESTION 

■ The sketch shows a resistor of cross-sec- 
tional area A and length L, composed of a 



material of resistivity The po^tisil dif- 
ference across the resistor is <;>i7/^2- Which 
of the following expressions is/a valid ex- 
pression o£ Ohm's law, givii^g the current 
through the resistor? 



r 





fy - 


Turn to Saction); 




'28 







Material of 
resistivity 



Your answer in Section 28, 
K L, 



is not correct. Darcy's law states, that flow is 
directly proportional to cross-sectional area 
and to the ^negat/ve) gradient of head. In 




the answer which you chose, flow is given as • 
inversely proportional to cross-sectional, 
area,' and propbrtional .to the term Lp/hi — Jh, 
which is actually the inverse of the negative 
head gradient/ 

Return to Sectipn 28 'and choose another 
answ^r.\ \ 
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Your answer in Section 1 is not correct. 
Ohm's law was given as • . 

1 ' ' \ 
R . 

V - and the discussion pointed.^out that a resist- 
)l\ ance of 1 ohm would carry a current of 1 
' ampere under a potential difference of 1 
' volt; Thus when the voltage difference is ex 



pressed in volte and the resistance ohms, 
the quotient 

wilj.give the correct current in amperes. 
R'eturn to Section 1 a?id choose another 
answer. 
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Your answer in Section 21 is correct;. 
If we monitor the vcltage on a capacitor 
plate in a given circuit and observe that it 
is changing. with timeV we know from the 
relations given in Section 21 that charge is 
/accumulating on the capacitor plate with 
time. An expression for the rate at which 
charge is accumulating can be obtained by 
dividing the capacitor equation^By a time 
increment, At This gives 



accumulation of, fluid in the tank "is equal to 
the rate of flow of water through the pipe 
supplying it. Similarly, the rate of accumu- 
lation of charge on the capacitor plate is 
eqiial to the rate of flow of charge through 
the resistor connected to the plate. This rate 
bf flow of charge is by definition the current 
through, the resistor. (Recall that the units: 
of current, are charge/time — for example, 
coulombs/second.) We thus have 
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. At M 

or, in terms of derivatives, 

d€ d<l> 
dt dt' 

The figure shows a hydraulic system and 
an analogous electrical system. The rate of 







■ % 


Tank 


— Pipe ^ 





AAAAA ^0 

R 



'A 



/ 



dt , 



where 7 is the current through the resistor, 
.and de/dt ir*the rate at which charge ac- 
cumulates on the capacitor. 



QUESTION 

Suppose the voltage at the left terminal 
of the resistor is ^j, while the voltage at the 
right terminal, which is esseri^aily the volt- 
age on the capacitor plate, is If we use 
Ohm's law to obtain an expression for /, in 
terms of the voltages^ and the capacitor equa- 
tion to obtain an expression for which 
of the following relations, will we obtain. (R 
denotes the resistance of the resistor, and C 
the -<iapacitance of the capacitor.) 



1 d4c 

R dt 
d4>c 

dt 

d<fic • 



1 dt 



RC (<f>c~<t>i) 



dt 



Turn to Section: 

4 
20 

.18 
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Your answer in Section 21 is not correct- 
The equation which we developed for. the 
capacitor was 

• - ■ / c — • ■ ■ ^ 

where C was the. capacitance, Ac th^ quan- 
tity of charge placed in storage in the capa- 
citor, avd JUifjy the increase in the voltage dif- 
ference across the capacitor plates, observed 
as the charge Ac is accumulated. For the 
prism . of aquifer used in developing the 
ground-water equations in Part V, we had 



10 



where A V was the volume of water taken in- 
to storage in the prism. Ah the increase in 
head associated with this accumulation in 
storage, S the storage coefficient, and A the 
base area of the prism. Thic equation can be 
rewritten 

to faciliate comparison with the capacitor 

■« . 

equation. . o . 

Return to Section 21 and choose another 



'./■ 



AV==SAAh 



answer. 
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Y^vir answer in Section 26 is correct Note 
that this equation, 

/ 3^ 

=-o 

is analogous to the equation we would write 
for the component of specific discharge in 
the X direction, through a section of aquifer 
of width w and thickness 6 ; that is, 

■ • / 
Q ^ Sh ^ 

In practice, steady-state electricranalog 
work may be carried out by constructing a 
scale model of an aquifer from a conductive 
material and applying electrical boundary 
conditions similar to the hydraulic bouiidary 
conditions prevailing in the ground-water 
system. The Voltage is controlled 'a-t certain 
points or along certain boundaries of the 
model, in proportion tio known values of head 
at corresponding points in the aquifer; and 



current may be introduced or^?7ithdrawn in 
proportion to known vajues r6f-inflow ,and 
outflow for the aquifer. When the boundary/ 
conditions are applied , in this manner, volt- 
ages at various points of the model are pro- 
portioniqil/ to heads at corresponciing points 
in the aquifer, and the current density vector 
' in. various sections of the model is p'ropor- ' 
tional to the specific-discharge vector in the 
corresponding sections of the aquifer. 

^ . QUESTION 

V Suppose an analog experiment of tlg^^type 
is set up, and the experimenter traces a line 
in the model along which vbltage'has somc^ 
Constant value. To which of the followijrig 
hydrologic features would this line corres« 
pond? . 



a flowline ' 

a line of coiistant-head 
a line of uniform recharge 



Turn to Section: 



16 
17 
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Your answer in Section 28, 

Q^-K — A,, 

is not correct Darcy's law states that flow 
is equal to the product of hydraulic con- 
ductivity, ; cross-sectional area, and (nega-- 
tive) head gradient. The gradient of head is 



by definition a first derivative-r-the deriva- 
tive of head with respect to distance. The 
answer which you chose involves a second 
derivative* The correct answer must either 
include a first derivative, or an expression 
equivalent to or approximating a first de- 
rivative. ■" : 

Return to Section 28 and choose another 
answer. 



0^ 



Your answer in Section is rtot correct. 
We have seen ir* dealing with the analogy 
between^^^-steady-state electrical ^ flow and 
steady-state ground7\vater flow that volt- 
. age is analogous to4iydraulic head, whereas 
current, or rate pi flow of charge, is analog- 
ous to the volumetric ' rate of flow of fluid. 
In the analogy between the capacitor equa- 
tion and storage-head relation, voltage 
must still be analogous to head, or capacitor^. 



could not be used to represent storage in a 
model incorporating the: flow/analogy be-, 
tween Darcy's law and Ohm's law. Similar- 
ly^ charge must represent ^fiuid; volume, so 
that rate of flow of charge (current) can 
represent volumetric fli^i^ discharge. Other- 
wise the. storage-capacitance analogy would 
be incompatible with^the flow analogy. 

Return to Section 21 and choose another 
answer. 



14 



\ 



Your answer in Section 22 is not correct. 
Increasing both R an^ C, as suggested in 
the answer which you chose, has the effect 
of .increasing the factor RC i)^ the equation. 

On the other hand, an increase ir, T/in the 
aquifer causes the factor Sa^/T tr i^isrease, 
in the equation / 



hi + + rta + hi— 4ho 



T At 

Thus the propo^ied technique fails to simu- 
late the hydrolugic system. 

Notice that head and voltage are analog- 
ous, and that increases in T can be simulated 
by decreases in J?. 

Retuni to Section 22 and choose aitpther 
answer. ^^r. 
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Your answer in Section 4 is not correct. 
The rate of accurriulation of charge on the 
capacitor plate, must equal the net rate at 
which charge is being transported to the 
capacitor through the four resistors. To set 
. up the problem, we assume that fche current 
is toward the capacitor in resistors 1 and 3, 
and away from the capacitor in resistors 2 
and 4 ii} the diagram. The current toward 
the capacitor in resistor 1 is given by Ohm's 
law as 



R 



while that in resistor 3 is given by 

■ ., 1 . / ■ 

R 

The current away "from the capacitor in re- 
sistor 2 is given by 

■■ ■><i ^ 




while that In resistor 4 is given by 

■ - 1 ■ 

R 

If it turns out that any of these currents 
are not actually in the directioiji- initially 
assumed, the current value as computed 
above will be. negative; thus the use of. these 
expressions remains algebraically correct 
whether or not the assumptions regarding 
current direction are correct. 

The net rate of ' transport of charge to- 
ward the capacitor will be the sum of the 
Juaflow-^m^r^nts-minus-the^sum-af— the-ou 
flow currents, or 

This term must equal the rate of acdumula- 
tion of charge on the .capacitx)r plate, cU/dt, 

d<f>o ! 



dt 



.= (7- 



dt 



^That is we^ust have \ 

d6o 

dt 

V The correct answer to the question of Sec- 
tion 4 can be obtained by substituting^ our 
expressions for /i, hf and /4 into this equa- 
tion and rearranging the result. 

Return to Section 4 and choose another 
answer.. 
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Your answer in Section il ls not* correct. 
In steady-state two-dimjensional flows, , one 
can specify ^ function which is constant 
along, a flowUhe. However, this function— 
which is termed a- stream, function— is not . 
analogous to voltage (potential) in electrical 
ti^eory; thus a flowlirie, or Hn^long which 
stream function* is constant, cannot, cor- 
respond to.an equipotential,' or line along 



which voltage is constant. In developing the 
ranalogy between flow of electricity and flow' 
of -fluid through- a porous medium,: we 
stressed that voltage is analogous to head; 
current, is ahalo^sous to fluid discharge; and 
electrical ^conductivity is analogous to hy- 
oraulic conductivity, ' 

Return to -Section 11 and choose another 
answer* 
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Your an$wer in Section 11 is not correct. 
. The forms of Darcy's law and Ohm's law 
J?^lcll.we_ have used for comparison are re- 
peated below : 

Darcy's law : 

' ■ . Q ' dh / 

where Q is the volumetric fluid discharge 
through a cross-sectional area of width iv 
and thickness 6, taken at right angles to the 
X direction; if is the hydraulic conductivity; 
and ?ih/^x is the deriv ative of head. in Jhe- 
X direction. 



Ohm's law : 



w*b 'dx 



where / is the current through across-sec- 
tional area of width w and thickness &, 
taken at ri^ht angles to the x.^direction; a is 
the electrical conductivity; and 'd<l>/dz is the 
derivative of voltage, or potential, in the a; 
direction. ' I 

A comparison of^these equations shows 
that voltage, or potential, ^, occupies a posi- 
tion in electrical theory exactly parallel to 
head, ft, in the theory of ground-water flow. 
Current, /, is analogous to discharge, Q; 
while (T, the electrical conductivity, is' analo- 
gous to the hydraulic condud;ivity, K. These 
parallels^puia Joe kept m mmd m answer-^ 
ing the question of Section 11. < 



Return to Section 11 and choose another 
answer. , 
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Your answer in Section 9 is not correct. 
The question concerns a capacitor "NVhich is 
connectedto a resistor. The idea is to equate 
the rate of^'^ec^umulation of charge on the 
capacitor plate, to the rate at which charge 
is carried to the capacitor through the re- 
sistor^ — that is, to the current through the 
resistor. The rate at which charge accumu- 
lates oh the capacitor plate is given by the 
capacitor equation as 



' M ( dt 
The current through the resistor, or rate 
at which charge flows through the resistor, 
is given by Ohm's law as . \ / 

R 

Return to Section 9 and choose anothei" 
answer. 
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Your knswer in Section 1- is not correct. 
Ohm's law was giv^n in the form 

\ . . . R 

If R is. in ohms and the. differeixce,<^i — <#>2 is 



in volts, current, / wiirbe in amperes. In the 
example given, f^o .was 5 volts and iS.was 
500 ohms. Substitute these values in the 
equation, to obtain the amount of curreiit 
through the resistor. ... . 

Return to S^^tion 1 and choose another 
answer. , 
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Your answer, in Section 9, 

/ dt ' . 

is not correct. The rate of accumulation of 
charge on the capacitofi d^/dt, is equal to C 
(d'<j>c/dt), and. this part of your answer is 
correct. However, the idea is to equate this 
rafe of accumulation of charge on the ca- 
pacitor to the rate of transport of the charge 



toward the capacitor, through the resistor — 
that is, to the current through the resistor. 
This current is to be expressed in terms of 
resistance and voltage, using Ohm's law; 
and this has not been done correctly in the 
answer which you chose- Ohm's law states 
that the current through a resistance is equal, 
to the voltage drop across the resistance di^ 
vided by the value of the resistance in ohms. 

Return to Section 9 and choose another 
answer. 

■\' - 



■\ 
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Your answer in Section 11 is correct. The 
line ofttonstarit voltage, or equipotential line, 
is analogous to the line of constant head in 
g;round-water hydraulics. . 

The analogy between Darcy's law and 
Ohm's law forms the basis of steady-slate 
electric-analog modeling. In recent years, the. 
modeling of nonequilibrium flow has became 
increasingly important; and just as Darby's 
law alone is inadequate to describe non- 
equilibrium ground-water flow, its analo^^ 
with Ohm's law is in itself -an- inadequati^^ 
basis for nonequilibrium modielingT The 
theory of nonequilibrium flow i^^ased upon 
. a conibination of Darcy's la^f^ith the stor- 
' age equation, through tljB^quation of con- 
tinuity. To extend analog modeling non- 
equilibrium flow, we require electrical equa- 
tions analogou^'athe storage and continuity 
equations? ^y^^ 

The^tialog of ground-water storage is 
prcmiled by an electrical element known as 
'Capacitor. The capacitor is essentially a 
^storage tank for electric charge; in. circuit 
diagram? it is denoted by the symbol shown 
in figure A. As the symbol itself suggests, 
capacitors can be constructed by inserting 
^two parallel plates, of, ^conductive material 
infe.a circuit, as shoWTi in figure B- Wpen 
the switch is closed, positive chaise flows 
from the battery to the upper plate and ac- 



cumulates on tlie plate in a manner analo- 
gous to the accumulation of water in a 
tank. At the . same time, positive charge is 
drawn from the lower^ plate, leaving |t with 
a net negative /charge. Figure C shows a 
hydraulic circuit analoggjus^to this simple 
capaciix)r circuit ;^wh€rrthe valve is openjed, 
the pumndelivers water to the left-hand 
tank, drying the right-hand tank. If the 
righf-hand tank is connected in turn to an 

"'effectively, limitless water supply, as shown 
in figure D, both the volume^of water and 
the water level , in the right-Hand tank will 
remiain essentially constant, while water will 

~ still accumulate in the left-hand tank"^s the 
pump operates. The analogous electrical ar- 

.•rangement is. shown in figure E; here the 
additional symbol shown adjacent 'to the 
lower plate indicates that this plate.has been 
grounded — ^that is, connected to a large mass 
of metal buried in the earth, which in-effect 
constitute^ a limitless reserve of charge; In 
this situation, the quantity of charge on the 
lower plate remains essentially consjtant, as 
does the voltage on this'plate, but the bat- 
tery still causes positive charge to accumv?- 

^ , late on the upper plate. The voltage oh the 
lower plate is analogous to- the water level 

^in the aright-hand tank, which is held con- 
stant by connection to the unlimited water 
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FIGURE A 



Figure b 

Switch/ 



/ 



O-. CI 



■I- 

Battery 



Capacitor ^ ^ 
plates -v^ 



In a circuit such as Chat shown in figure 
E, it is customary to designate the constant 
voltage 6f the ground plate as jzero. This i^ 
done arbitrarily — it is equivalent for ex- 
ample, to setting head equal to zero at the 
constant water level of the right-hand i.anK 
of figure D. With the voljtage of the grounded 
plate taken as zero, the voltage^, difference 
between the plates becomes simply the volt- 
age, </),' measured on the upper plate. In the 
circuit of figure E, this voltage is equal tp 
the voltage produced by the battery. * 

Now suppose an experiment is run in which 
'4he- batte ry in th ^ circuit o f - fi gw e - E - is re ^ 




Figure D 



r 



Limitlesa 
water 
supply 




FiGliRE E 



□ a. 



•Battery 



liimitless 
supply 



placed .in turn by batteries of successively 
higher voltageT--At.each step the charge on 
the positive plate is measured in some waj^ 
after the circuit has reached equilibrium- 
The 'results will show that as the applied 
voltage , is increased, the charge which ac^ 
cumulates on*^the positive plate increases ii^ 
direct proportion. If a graph is consti'ucted 
from the experimental results in which the 
charge, which has accumulated on the 
positive plate is plotted versus the voltage 
in each step, the restilt will be a straight 
line, as shown in the figure. The slope of 
this line, Ae/A^^ is. termed the capacitance of 
the capacitor, and is designated C; that is, 



Ac 



(U 



or simply 



Capacitance is measured" in farads, or more 
commonly in microfarads; a farad is equal 
to 1 coulomb per volt. 

These equations serye to define the opera- 
tion of a capacitor and provide ,the analog 
we require fior the equation of ground-water 
storage. It will be recalled that the rela- 
tion ]betw'een volume in storage and head 
can be written 
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Voltage on capacitor plate 



QUESTtON 

Which of the following statements cor- 
rectly describes the analpgy between the 
capacitor , equation and the ground-water- 
storage^head relation? , 

Turn to Section: 

Charge is analogous to head, voltage 
is analogous to volume of water, 
and capacitance, C, ^s analogous to 
the factor SA. 

Charge is analogous to volume of 
water, voltage is analogous to head, 
and capacitance, C, is analogous to 
t he facto r SA. 7^^ ~ — 



where aV is the volume of water taken, into 
or released from storage in a prism of aqui- 
fer pf base ^rea A, as the head changes by 
an amount ^h' 



Charge is analogous to volume of 
water,' voltage is analogous to head, 
and capacitance, C, is analogous to • 
the factor .. 

1 



13 



9- 
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Your answer in Section 4, 

^1 + + </>3 + <^>4 — 4(^0 



d<f>o 



is correct In P^i^ VII, we obtained a finite- 
diffex-ence approximation to the, differential 
equation for two-dimensional non-steady- 
state ground-^^ter flow, 

?>'h 2^^h S / 
This approxii'^^tion .can be written 



a* 



or 



T At' 

Sa^' Aho 
T At' 
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where Kf hu fe,., /i.i, and h, represent the head 
values at the nodes of an array siuch as that 
shown in the sketch; a is the node spacing; 
S is storage coefficient; T is transmissivity ; 
and Aho'/^t represents the rate of change of 
head at the central node. The circuit equat 
tion which we have just obtained is directly- 
analogous to this finite-difference form of 
the ground-water equation, except for the 
use of the time derivative notation d<i)o/dt as 
opposed to the finite-difference form, '^h^/ 
A^. In other words, the circuit element com- 
posed of the four resistors find the capacitor 
behaves in approximately the same way as 
"tfag-prf s iir^ o f corrfined- -aquifer which wa^' 
postulated in developing the ground^water 
equations,. It follows that a netivork, com- 
posed of circuit elements of this type, such 
as that shown in the figure, should behave 



in the aquifer. The time scale of model, ex- 
periments is of course much different from 
that of the hydrologic regime. A common 
practice is to use a very short time scale, in 
which milliseconds of model time fnay rep- 
. resent months in the hydrologic system. 
When time scales in this range are'employed, 
the electrical excitations, or boundary condi- 
tions, are applied repeatedly at a given 'fre- 
quency, and the response of the system is 
monitored using oscilloscopes. The sweep 
" frequency of each recording oscillosco'pe is 
synchronized with the frequency of repe- 
tition of the boundary-cond ition inputs, so 
— thkt the oiscMloscope trace/represents )a curve 




Q indicates grouhded terminal 



of voltage, or head, versus time, at the net- 
work point to which tl^ instrument is con- 
nected. 



TJESTION 



in' the same way as a two-dimensional con- 
fined aquifer of similar geometry. Tho^ non- 
equilibrium behavior 6f such an aquifer nia^ 
be studied by constructing a model of the 
aquifer, consisting of a network of this type; 
electrical boundary conditions similar to the 
observed hydraulic boundary conditions are 
imposed on the modeU and voltage is moni- 
tored at various points in the network as a. 
function of time. The voltage readings coil-, 
stitute, in. effect, a finite-difference solution 
to the differential equation describing head 



Suppose We wi/h to model an aquifer in" 
\ which transmissiyity varies from one area 
to, another, whiVe storage coefficient remains 
essentially constant throughout \he aquiflBr., 
. Which of the following procedures woi(ild 
you consider an ^acceptable method of simu- 
lating this condition in a resistance-capacit- 
ance network analog? * 

Turn to Sscflon: 

Construct a network using uniform 
values of resistance and capaci- • 
tance, but apply proportionally 
higher voltages in areas having a 
high transmissivity. . 
Construct a network in which resist- 
ance. and capacitance are^/both in- 
. creased in proportion to local in- . . 

creases in transmissivity, 14 
Construct a network in which, resist- 
ance is varied' inversely with the 
transmissivity to be simulated, 
while capacitance is maintained at 
"^"^ a uniform value throughout the - 
network. - ' ; ^ 5 
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Your answer in , Section 26, 



is not^correct/'The answer which you chose 
actually expresses the component of current 
density in the z direction, wl an area 
taken normal to the z direction. If / repre- 
sents the current through this area, I/w*l 
will give the component, of current density 
in the z direction; and this should equal —a 



times the directional derivative of voltage in 
the z direction, 9^/92;. However, tks questipn 
, asked for the^current density-^^^ in 
the X direction; and in fact, the problem 
stated that the current flow was two dimen- 
sional confined to the x, y plane. This im- 
plies that the current component in the ver-. 
tical direction is zero, and thus that 'Q^/'dz |s 
zero as well. 1 

Return to Section 26 and choose another 
answer. 



Your answer in Sediioh 6 is not correct 
Ohm's law was given in Section 1 as" 



/■ 



7 



' R 



Where ^2 is the voltage difference across 
a resistance, J?, and / is the current through 
the resistance. In Section 6 the expression., 

■ . '■ L ■■ ■ 

A ^ 



was given for. the Resistance, where is the 
electrical resistivity of the material of wl 
th^' resistance is composed ; L is th^Amjgth 
of the resistance, and A is its cjiotJs-sectional 
area. This expression for jpesistknce/ should 
be substituted into tjieri^orm \pf O^hm's law 
given above topbt^ini the correct answer. 

Return to ^^tion 6-^and choose another 
answer^ 
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Your answer in Section 26; 



is not correct. The. component of current 
density in a given direction is defined as the 
charge croaging a unit area taken normal to 
that direction, in a unit time. Here we are 
concerned with the current density compo- 
nent in the a; direction ; vz/must accordingly\ 
use an area at right angles to the direc- 



tion. In your answer, the area is w-Z,. which 
is normal to the z direction^ Again, the com- 
ponent of current density^in a given direc- 
tion is proportional to the directional deri- 
vative of yoltage in that direction'. Since we 
are dealing with the component of cur^nt 
density in the a: direction, we require the 
derivative of voltage in the a; direction. The 
^answer which you, chose, howeverj-uses the 
derivative of voltage with respect to y. 

Return to Section 26 and* choose another 

\ - . ■ , 

answer. 
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Your answer in Section 28 is correct. The 
term,. 



V. \ . ■•■^ ■ 

is equivalent- to the negative of the head 
gradient, -'Qh/'dz, so that this formulation 
of Darcy's law is ^equivalent to those we have 
studied previously. Now let us compare this 
form of Darcy'sjsw with Ohm's law. 
Our expression for Darcy's law was 

, Q=K— — Ap. 

Our expression for Ohrn's law in terms of 
electrical conductivity was 

I^^. -A. . 

• L 

In terms of electrical resistivity, we ob- . 
tained . - 

1 ^l~C^2 

P L 

In these forms, the ^analogous quantities 
are easily identified. Voltage takes the place . 
of head, current takes the place of fluid dis- 
charge and as noted in the preceding sec- 
tion or takes the place of hydraulic 
conductivity. We note further that since cut- 
rent is defined . as the rate of movement of 
electric charge across a given plane, while 
fluid discharge is the rate of transport of 
fluid volume across a given plane, electric 
charge may be considered analogous to fluid 
volume. . y - . o . 

^n Part II, we not^?d that Darcy's law 
could be written in sjightly more general 
form as 



. [A -dz 




q.= =-K- — , 

A ' 

wher^ g^Js the component of the specific- ^ 
discharge vectof^riT the x direction, or the 
dit^charge through a unit area at right angles 
to vhe X axis; is the component of the spe- 
cific-discharge vector in the y direction, and 
is the component in the z direction. The 
three components are added vectorially to 
obtain the resultant specific discharge. 
-Qx, 3^/32/, and 'dh/'d^ are the directional 
derivatives of head in the x, y, abd z direc- 
tions; and K is the hydraulic conductivity, 
which is here assumed to be the same in any 
directioii. We may similarly w^ite a more 
general iorm of Ohm's law, -replacing, the 
teriTf (^1 — $)2/L by derivativ.es of voltage with 
"respect to distance, and considering compo- 
nents of the current density, or .current per . 
unit 'Cross-sectional area, in the three space 
directions. This gives - 



1 

1 



32/ 



• Here (I/A)^ is the current through a unit 
area oriented at right angles to the x axis, 
(//A)y is current through a unit area per- 
pendicular to the y axis, and^ .(//A) . is the 
current througli a unit area perpendicular to 
the z axis. These terms /form the compo- 
nents of the; current density vector, ^c^/aa:; 
3c^/32/, and gc^/a^ are the voltage gradient^ 
in units of volts/distance, in. the threte direc. 
tions. These three expressions simply repre- 
sent a generalization to three dimensions 
of the equation given itl Section 1 as Ohm's 
law. ' '. 
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QUESTION 

The pictuSre shows a rectangle in a con- 
ductive shee^n- which there is a two-dimen- 
sional flow of eleetricity. The flow is in the 
plane of the sheet, that is, the x, y plane; 
the thickness of the sheet is b, and the di- 
' TTiensions of the rectangle are I and to. Which" 
of the following expressions gives the mag- 
nitude of th^ component of current density 
in the tT direction? - e. 

^ Turn to Section: 

11 
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w-b. 
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(/ represents the current through the area 
utilized in the equation, w-b or wZ.) 
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Your answer in Section 4 is not correct. 
The essential idea here is that the 'rate of 
accumulation of charge on the capacitor 
must equal the net inflow minus outflow of 
charge through the four resistors. The in- 
flow of charge through resistor 1 is the cur- 
rent through that resistor, and is given by 
Ohm's law as 

1 

.The outflow through resistor 2 is similariy 
given by ^ 

R 

'yThe inflow through resistor 3 is 
•1 



'J: 



R 



U 
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while the outflow through resistor 4 is 
1 

/4=.— (-^O-.^.). 

■ ■ R ■ 

The net inflow minus outflow of charge to 
the capacitor is 

and this must ecjual the rate of -accumula- 
tioh of charge on the capacitor, dc/dt, that 



IS 



dt 



According: to the capacitor equation, dc/ 
is given by ^ 

at dt 

The answer to the question of Section 4 
can be obtained by substituting the appro- 
priate expressions for lu I^y ^^ J* dc/dt 
into the relation . 

d^ 

-dt - 

and rearranging the result. 

Return to, Section 4 and choose another 
answer. i * 




ur answer in Section 6 is correct. 
Electrical conductivity, or 1/re.sii.tivity, is 
the electrical equivalent of hydraulic con- 
ductivity.. In terms of electrical conductivity. 
Ohm's law for the problem of Section 6 be- 
comes \ 

(^1-^2) 

■ ■ - ■ J 

where <y is electrical condiMivity.. 



1 









The analogy between Darcy's law and 
Ohm's law is easily' visualized if ^we consider 
the flow of water thro.ifgh a sand^filled pipe, 
of length Lp and cross-sectional ar^a Ap, as 
shown in the diagram. The head at the in- 
flow end of the^pipe is fh, while that at the 
outflow end is hn. The hydraulic conductivity . 
of the sand is Jf. 

QUESTION 

Which of the following expressions is ob- 
tained by applying Darcy's law to this flow?' 
(Q represents the discharge through the 



pipe.) 



hi — hi 
Q=K— Ap 

K \Lp 



Q=. 

A, hi -hi 



Turn to- Sfclion: 

26 
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